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RESUMEN (ABSTRACT IN SPANISH)

El aprendizaje automaético (machine learning) es una de las ramas de investigacion
mas populares de la inteligencia artificial. El objetivo es desarrollar de manera auto-
matica modelos que aprendan de una serie de datos y proporcionen una respuesta
sin intervencién humana. Las aplicaciones del aprendizaje automdtico abarcan dreas
como robética, microbiologia, biomedicina, agronomia, epidemiologia o economia,
entre otras muchas. En estos campos, es muy importante la tarea de predecir el valor
de una variable de respuesta que puede ser de dos o de multiples categorias (pro-
blemas de clasificaciéon nominal, como, por ejemplo, clasificar terrenos como libres
o infestados por malas hierbas para realizar una fumigacién selectiva), o también
problemas donde la variable toma valores continuos en la recta real (problemas de
regresion, como, por ejemplo, la predicciéon de la velocidad del viento con el fin de
disefiar parques edlicos de la mejor forma posible).

Cuando existe una relacién de orden entre las categorias de la variable de respues-
ta, el problema se denomina “clasificacién ordinal”. La clasificacién ordinal (también
conocida como regresion ordinal) es un tipo de problema de reconocimiento de pa-
trones que se encuentra situado entre la clasificaciéon nominal y la regresiéon. De la
primera se diferencia en que existe un orden preestablecido entre las clases mien-
tras que de la regresion se distingue en que el conjunto de etiquetas es finito y las
diferencias entre los valores de las etiquetas no estan definidas.

La clasificacion ordinal tiene aplicaciéon en multitud de areas como la evaluacién
de la ensefianza [1], evaluacién de seguros de coches [2], produccién de pasto [3],
tratamiento de cancer de mama [4], predicciéon de la velocidad del viento [5] o eva-
luacién del crédito [6]. A pesar de sus multiples aplicaciones, la clasificacion ordinal
ha recibido poca atencién en la comunidad de aprendizaje automatico en compara-
cién con los problemas de clasificacién nominal. Sin embargo, el ntiimero de trabajos
relacionados con ésta estd aumentando en los tltimos afios a nivel internacional.

La clasificacion ordinal presenta diferentes retos que estdn abiertos a dia de hoy:

REVISION DEL ESTADO DEL ARTE EN REGRESION ORDINAL. Encomparacién con
la clasificaciéon nominal, la regresiéon ordinal es un campo del aprendizaje au-
tomaético que ha sido relativamente poco estudiado y explorado. Sin embargo,
existen trabajos y publicaciones en la bibliografia que motivan un anélisis de
los mismos. Especialmente, parece necesario proponer una taxonomia de méto-
dos de regresion ordinal, asi como realizar una recopilacién de las principales
métricas de rendimiento. Estas dos cuestiones ayudardn a contextualizar las
propuestas de esta tesis.

DESBALANCEO DE LAS CLASES. Considerando el evidente cardcter multiclase y la
naturaleza de algunos problemas, las bases de datos ordinales presentan un
alto grado de desbalanceo entre las clases (algunas clases tienen muy pocos
patrones en comparacion con otras), lo que puede provocar que algunos cla-
sificadores ignoren a las clases con un nimero significativamente menor de
patrones, convirtiéndolos en clasificadores triviales para las clases mayoritarias.
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EXPLOTACION DE LA RELACION DE ORDEN DE LAS CLASES . Varios autores defi-
nen a los clasificadores ordinales y sus algoritmos de entrenamiento como a)
métodos que optimizan la clasificaciéon de acuerdo a métricas que consideren el
orden y magnitud de los errores y b) métodos que explotan el conocimiento a
priori de la disposicién ordenada de los patrones en el espacio de entrada. No
obstante, el segundo aspecto no suele contemplarse de manera explicita en la
formulacion de los clasificadores.

Esta tesis trabaja objetivos enunciados en torno a los anteriores retos, aunque se
centrard en los dos tltimos objetivos, siendo el primero necesario pero no el eje fun-
damental de la tesis, y el segundo un problema no exclusivo de la clasificacién ordi-
nal.

El resultado de este trabajo esta reflejado en las publicaciones en conferencias y
revistas internacionales asociadas (ver seccién especifica Publications).



ABSTRACT

Machine learning is one of the most active branches of artificial intelligence. The
purpose is to automate the develop of models that learn from a set of data and pro-
vide an output without human interaction. Machine learning application examples
are robotics, microbiology, biomedicine, agronomy, epidemiology or finance among
others. In all these fields it is important to predict the value of a response variable that
can have two or multiple scales (for instance, nominal classification problems, such
as the classification of areas as weed-free or infested in order to perform a selective
treatment of weeds) or problems where the target variable is continuous (regression
problems, such as wind speed forecasting for wind farms set up).

When there exists an order relationship in the class variable, the problem is named
to as “ordinal regression” (also known as ordinal classification). The samples are
labelled into a set of category labels with an ordering amongst the categories. In
contrast to nominal classification, there is an ordinal relationship throughout the
categories and it is different from regression in that the number of ranks is finite
and exact amounts of difference between ranks are not defined. In this way, ordinal
classification lies somewhere between nominal classification and regression.

Ordinal classification problems are important, since they are common in our every-
day life where many problems require classification of items into naturally ordered
classes. Examples of these problems are the teaching assistant evaluation [1], car
insurance risk rating [2], pasture production [3], preference learning [7], breast can-
cer conservative treatment [4], wind forecasting [5] or credit rating [6]. However,
compared with general classification problems, much less effort has been devoted to
ordinal classification learning. Nevertheless, in the last decade an increasing number
of publications report progress in the artificial learning of ordinal concepts.

Nowadays, ordinal regression presents some challenges that form the research line
of the present thesis:

STATE-OF-THE-ART IN ORDINAL REGRESSION. Compared with nominal classifica-
tion, ordinal regression is a machine learning field much less studied and ex-
plored. However, there are several works and literature dealing with this issue,
which makes necessary to perform a proper analysis of them. A taxonomy
of ordinal regression methods and an effort to gather and compare the main

metrics for their evaluation would help to contextualize the proposals in the
field.

cLAss IMBALANCE. Considering the obvious multi-class feature and some of the
ordinal classification problems nature, the ordinal regression datasets present
a high imbalance degree (i.e. some classes have few patterns when compared
to the rest of the classes). Imbalance problem can generally harm classifiers,
which tend to ignore minority populated classes, presenting a trivial behaviour
with respect to those classes.

DATA ORDERING EXPLOITATION. Several authors define ordinal classifiers, and their
associated learning algorithms, as a) methods that optimize the classification
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task constrained to metrics that consider errors magnitude, and b) methods
which exploit the a priori knowledge about ordered placement of patterns ac-
cording to their class in the input space. However, the second aspect of ordinal
classifiers is not usually included explicitly in the classifier formulation.

The present thesis deals with objectives related to the aforementioned challenges,
though the two second challenges are the most relevant ones for the thesis.

The work done in this thesis is reflected in several international conferences and
journals (see Publications section).
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for which there are no effective computational al-
gorithms. 25

confusion matrix Also known as contingency table or error matrix, is a
square matrix allowing visualization of classifier
performance. Each column of the matrix repre-
sents the instances in a predicted class, while each
row represents the instances in an actual class. 81,

83, 85, 92, 159

differential evolution Differential evolution (DE) is a type of evolution-
ary algorithms that optimizes a problem by man-
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97799
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involves among others data partition, validation
procedures and statistical comparison test. 94, 97,
98, 110, 115, 151, 155, 164

Extreme Learning Machine Extreme Learning Machine (ELM) is a type of neu-
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problem of predicting categories that have an or-
dered arrangement (also named as ordinal classifi-
cation). In this thesis ordinal regression is shorted
as OR. 28, 55, 57, 58, 62, 106, 148

Support Vector Machines (SVM) are supervised
learning models that aims to find the maximum-
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RESUMEN EN CASTELLANO (SUMMARY IN SPANISH)

Esta primera parte de la tesis corresponde a la traduccién al castellano de
los capitulos de introduccién y conclusiones de la misma, tal y como reco-
ge la normativa para la obtenciéon de la Mencién de Doctor Internacional,
desarrollada en el articulo 19 de las Normas reguladoras de las ensefian-
zas oficiales de Doctorado y del titulo de Doctor por la Universidad de
Granada aprobadas por Consejo de Gobierno de la Universidad de Gra-
nada en su sesiéon del 2 de Mayo del 2012. El capitulo de introduccién
presenta el problema de la regresion ordinal dentro del campo del apren-
dizaje automatico. El capitulo de conclusiones realiza un breve resumen
de las aportaciones de la tesis y propone algunas lineas de trabajo futuro.

This first part of the thesis presents a Spanish summary of the dissertation.






RESUMEN DE LA TESIS

Resumen. Este capitulo de resumen en castellano presenta la traduccién
del inglés de los capitulos de introduccién y conclusiones de la tesis. Ini-
cialmente se introduce el aprendizaje automdtico (o machine learning) como
base para poder presentar el problema de la regresién ordinal (RO). La re-
gresion ordinal corresponde a un tipo de problemas que pertenecen a las
técnicas de clasificacion supervisada, también conocida como «algoritmos
de aprendizaje» o incluso también como «clasificadores». En este capitulo
se hace una introduccién breve al problema del aprendizaje supervisado
y a la regresion ordinal para contextualizar y motivar al lector antes de
establecer los principales objetivos de la tesis.

En las dltimas secciones se realiza una discusién y elaboracién de conclu-
siones. A grandes rasgos, en esta tesis se abordan los siguientes grandes
objetivos: realizar un estudio de revisiéon del estado del arte para RO, pro-
poner y desarrollar nuevo métodos de RO en torno a temas relacionados
con la RO y aplicar las técnicas de RO a problemas reales. En nuestra opi-
nién, estos objetivos se ha alcanzado, tal y como sintetiza este capitulo de
resumen.

0.1 APRENDIZAJE AUTOMATICO Y APRENDIZAJE SUPERVISADO

El aprendizaje automdtico (o machine learning en inglés) no tiene una definicién clara,
tal y como sefala el Profesor Andrew Ng [10] en uno de sus cursos de introduccién
a esta materia. En 1959, Arthur Samuel defini6 el aprendizaje automatico como el
«campo de estudio que proporciona a los ordenadores la capacidad de aprender sin
haber sido explicitamente programados» [10, 11]. M&s tarde, Tom M. Mitchell pro-
puso que «un programa informaético se dice que aprende de una experiencia E con
respecto a una clase de tareas T y una medida de rendimiento P, si su rendimiento en
las tareas del tipo T, medida por P, mejora con la experiencia E» [12]. Asi, podemos
afirmar que el aprendizaje automatico equivale a «aprender de los datos» con el fin
de extraer el conocimiento necesario segtin diferentes propésitos, como por ejemplo
ayudar las personas en procesos de decisién o incluso automatizar totalmente decisio-
nes a partir de los datos, asi como adaptar sistemas de manera dindmica para mejorar
las experiencias del usuario [13]. Este «aprender de los datos» hace que el aprendizaje
automatico se sittie entre diferentes ramas que pertenecen a la inteligencia artificial,
la estadistica y las matematicas (ver Figura o.1). Dependiendo de cémo se realice
este aprendizaje se han desarrollado diferentes disciplinas, aunque probablemente
la mds activa sea la conocida como inteligencia computacional (o computational intelli-
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Figura o.1: Aprendizaje automaético: dénde encaja y déonde no (fuente [13]).

gence) [14]. La inteligencia computacional engloba a las redes neuronales artificiales
[15, 16], los sistemas difusos y la computacién evolutiva, incluida la inteligencia de
enjambres. Por motivos histéricos, algunos métodos estadisticos y matematicos mas
recientes, como las maquinas de vectores soporte (support vector machines, SVM), las
redes Bayesianas y el razonamiento probabilistico, o incluso el procesamiento estadis-
tico del lenguaje natural, han sido incluidos en conferencias y revistas enfocadas a
la inteligencia computacional, mientras que otros como las técnicas de optimizacion
numeérica, la teorfa de aproximacién, métodos estadisticos o la 16gica de primer orden
estdn fuera de su dmbito [14].

Uno de los campos del aprendizaje automético mds activos es el de reconocimiento
de patrones (pattern recognition), que a grandes rasgos se puede dividir entre aprendi-
zaje supervisado o aprendizaje no supervisado. El aprendizaje supervisado puede descri-
birse informalmente como ensefar al ordenador a hacer algo para que después el
ordenador pueda seguir haciéndolo a partir del conocimiento descubierto durante el
aprendizaje. Por otro lado, en el aprendizaje no supervisado el ordenador aprende a
hacer algo, y utilizamos este conocimiento para tratar de determinar tanto la estruc-
tura como los patrones de los datos. En el primer caso se proporciona al ordenador
un conjunto de datos etiquetados mientras que en el segundo caso se proporcionan
datos no etiquetados que el ordenador tiene que estructurar.

El aprendizaje supervisado tal vez sea el tipo de problema de aprendizaje auto-
matico méds comudn. Por ejemplo, supongamos que queremos predecir el precio de
una vivienda a partir de su tamafio en metros cuadrados tal y como se muestra en
la Figura o.2a. En este caso podemos recoger datos de precios de viviendas y su
tamafio en metros cuadrados, obteniendo asi lo que se denomina como conjunto de
entrenamiento, que estd compuesto por las variables independientes del sistema (el
tamafio en metros cuadrados, m?), y las variables dependientes® o «respuestas correc-
tas» (etiquetas). El algoritmo de aprendizaje tiene que construir un modelo a partir
de estos datos etiquetados disponibles en el conjunto de entrenamiento con el obje-
tivo de poder predecir el precio correcto, que desconocemos, para nuevos datos no
vistos durante el aprendizaje. Este ejemplo en el que la variable que queremos prede-
cir es de naturaleza continua y perteneciente a la recta real es un tipo de problema
conocido como regresion. Los datos no vistos durante el proceso de aprendizaje, y que

Normalmente sélo habra una variable dependiente, aunque existen ramas de la clasificacion supervisa-
da como la clasificacién multi-etiqueta en las que existe mds de una variable dependiente.
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se utilizan para comprobar el rendimiento real del modelo de prediccion, se suelen
denominar como datos de generalizacién o datos de test.
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(a) Ejemplo de problema de regresién:«<Dados (b) Ejemplo de problema de clasificacién «;Po-
estos datos, un amigo tiene una casa de 75 drias estimar un diagnéstico basado en el
metros cuadrados, ;por cudnto podria espe- tamarfio del tumor y la edad del paciente?»

rar venderla?».

Figura o.2: Ejemplos de problemas de regresiéon y clasificacion (fuente [10]).

Por otro lado, cuando la variable para predecir es discreta, el problema se llama
problema de clasificacion. Por ejemplo, la Figura o.2b muestra un problema de clasifi-
cacion en el que queremos discriminar si un cancer de pecho es maligno o benigno
basdndonos en la edad del paciente y en el tamafio del tumor®. A partir de los da-
tos de entrenamiento el algoritmo de aprendizaje deberia construir un modelo capaz
de distinguir las dos clases («maligno» o «benigno»). La variable de salida puede
tener mas de dos valores, por ejemplo tumor «benigno», tumor «maligno tipo A»,
tumor «maligno tipo B» y tumor «maligno tipo C». En el primer caso se denomina
problemas binarios y en el segundo problemas multi-clase. Existe un tercer tipo de
problemas de clasificacién que de hecho ocupan el foco de interés de esta tesis: si
existe una relaciéon de orden entre las clases, los problemas se denominan problemas
de clasificacién ordinal. Por ejemplo, si queremos clasificar los tipos de un tumor como
«benigno», «sospechoso maligno», «maligno» o «maligno grave» probablemente este-
mos hablando de un problema de clasificacién ordinal ya que estamos tratando con
diferentes grados de una enfermedad. La clasificacién ordinal también se conoce como
regresion ordinal ya que tiene tanto relacion con la clasificacion como con la regresion,
tal y como se explicara en el siguiente apartado.

La Figura 0.3 nos muestra un ejemplo de un problema de clasificaciéon binario
comparado con un problema de clasificacién ordinal donde el objetivo es detectar
una enfermedad. En el primer caso, el clasificador sélo serd capaz de detectar la
presencia o ausencia de una enfermedad. En el segundo caso, el clasificador podra
detectar diferentes grados de la enfermedad. Llegados a este punto podriamos hablar
de clasificacién nominal multi-clase, sin embargo hay varios puntos que diferencian
a la clasificacion ordinal de la nominal: dada la naturaleza de problema, existe una
disposicion de orden entre las etiquetas (clases), y este orden puede estar también

2 Estas variables se han elegido a modo de ejemplo, obviamente no es posible clasificar el tipo de tumor
Gnicamente a partir de estas dos variables.
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Figura 0.3: Un ejemplo de clasificacién binaria (figura a la izquierda) frente a la clasificacion
ordinal (figura de la derecha). En el primer caso hay dos estados para un patrén:
enfermo o no enfermo. Sin embargo, un experto que se apoye en técnicas de apren-
dizaje automatico puede demandar grados de clasificacién més finos, en cuyo caso
podria afrontarse el problema como clasificacién multi-clase. Si las clases tienen
una relacién de orden entre ellas estamos tratando con un problema de regresién
ordinal, que es un enfoque que aporta mayor precision en este ejemplo.

presente en el espacio de atributos o variables de entrada3. Esto afecta al clasificador
de dos formas: primero, el clasificador debe explotar este conocimiento a priori sobre
la distribucién de patrones en el espacio de entrada [17], y, segundo, la evaluacién
del clasificador necesita medidas de rendimiento especificas [18]. Esto dltimo se tra-
duce en que un error de clasificacién de un patrén de la clase «enfermedad grave»
clasificado por el modelo como «sano» debe ser mas penalizado que si el modelo
clasifica ese mismo patréon como «enfermedad normal». Estos dos retos marcan las
diferencias principales con la clasificacién nominal, e inducen a pensar que afrontar
problemas como los del ejemplo anterior desde el punto de vista de la regresiéon or-
dinal puede tanto ayudar a mejorar los resultados como contribuir a la motivacién
altima del aprendizaje automaético de «aprender de los datos».

0.2 CLASIFICACION ORDINAL

La clasificacion ordinal, o regresién ordinal, es un problema de clasificacién supervisa-
da en el que el objetivo es predecir la categoria a la que pertenece un patrén habiendo
una relacién de orden entre las categorias. Ademds, cuando el problema manifiesta
claramente una naturaleza ordinal, se espera que este orden esté presente de alguna
manera en el espacio de entrada de los datos [17]. Los datos se etiquetan de acuerdo
a un conjunto de niveles de forma que se establece un orden entre los mismos. La re-
gresion ordinal se diferencia de la clasificacién nominal en que existe una relacién de
orden entre las categorias; y se diferencia de la regresién estandar en que el niimero
de niveles es finito, y la diferencia entre estos niveles no estd definida. De esta forma,
la clasificacion ordinal se sitia entre la clasificacion y la regresion.

Este tipo de problemas de clasificacién no debe confundirse con problemas de orde-
nacioén (sorting) o de clasificacién con rango (ranking). Los problemas de ordenaciéon
pretenden relacionar todos los patrones del conjunto de generalizacién respecto a un

Aunque puede suceder que la naturaleza de un problema sugiera una relacién de orden entre las
etiquetas que no se traslada al espacio de entrada.
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orden total. La clasificacion con rango se refiere a ordenar los patrones con un orden
relativo. La clasificacién ordinal también puede utilizarse para ordenar patrones, pe-
ro el objetivo es obtener una buena precisiéon de clasificacion a la vez que se mantiene
el orden de los patrones.

La importancia de la clasificacién ordinal es obvia si pensamos que el tipo de pro-
blemas donde es necesario clasificar patrones en clases ordenadas son habituales.
Ejemplos de estos problemas son la evaluaciéon del apoyo al aprendizaje [1], evalua-
ciéon de seguros de vehiculos [2], produccién de pasto [3], problemas del drea de
aprendizaje con preferencias [7], tratamiento conservativo de cancer de pecho [4] o la
evaluacion de créditos [6].
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Figura o.4: Ejemplo de de la necesidad de usar métricas de evaluacion alternativas para los
clasificadores ordinales. Supongamos que tenemos un problema de clasificacién
de una enfermedad donde la clase 1 significa «enfermedad grave», la clase 2 sig-
nifica «enfermedad normal» y la clase 3 significa «ausencia». En el ejemplo, el
mismo conjunto de puntos es clasificado por los clasificadores a) y b). My y Mp
son las correspondientes matrices de confusién. El clasificador a) tiene el mejor
rendimiento para la métrica CCR, sin embargo, el clasificador b) tiene mejor ren-
dimiento si se consideran las métricas MAE y AMAE. En este caso, aunque a)
obtiene el mejor ratio de clasificacién, estd cometiendo graves errores porque estd
clasificando patrones de la clase 1 («enfermedad grave») con patrones de la clase 3
(«ausencia»). Las métricas MAE y AMAE mejoran para el clasificador b) sefialan-
do que el clasificador b) es un clasificador ordinal mejor que a) para esta muestra
de patrones en concreto.

Los problemas de clasificacién ordinal presentan dos grandes cuestiones que de-
ben considerarse para el disefio de los algoritmos de aprendizaje. En primer lugar,
la naturaleza del problema indica que el orden de las clases debe estar relacionado
de alguna forma con la distribucién de patrones en el espacio de atributos, asi como
en la distribucién topolégica de las clases (aunque, en general, esta relacién serd una
relacién no lineal). En consecuencia, un clasificador debe explotar este conocimiento
a priori sobre el espacio de entrada [17]. En segundo lugar, cuando se evalta el rendi-
miento de un clasificador ordinal, las métricas de rendimiento empleadas deben con-
siderar el orden de las clases, de tal forma que los errores de clasificacién entre clases
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adyacentes deben ser considerados como menos importantes que errores de clasifi-
cacion entre clases no adyacentes (mds separadas en la escala ordinal). Por ejemplo,
consideremos un conjunto de datos de prediccién del tiempo con la variable objeti-
vo tomando valores en el conjunto {muy frio, frio, templado, caluroso, muy caluroso}, con
una clara relaciéon de orden natural entre las clases, muy frio < frio < templado <
caluroso < muy caluroso. Es evidente que predecir erréneamente la clase caluroso cuan-
do la clase real es frio representa un error mds grave que el error asociado a predecir
muy frio [18]. Asi, son necesarias medidas de rendimiento especificas para evaluar el
rendimiento de un clasificador ordinal [18—20].

Mientras que la precisién, también conocida como ratio de clasificaciéon correcta (Co-
rrect Classificacion Ratio, CCR), es la métrica mds comun para la clasificacién nominal,
el error absoluto medio (Mean Absolute Error, MAE) es la medida mdas comun en el
contexto de regresion ordinal. Ademds, en clasificaciéon multi-clase se han propuesto
diversas medidas alternativas, por ejemplo, para evaluar el rendimiento individual
en las clases [21, 22] (incluyendo aquellas clases peor clasificadas). Andlogamente, el
MAE medio (average MAE, AMAE) ha sido propuesto por Baccianella et al. [23] para
evaluar de forma mads precisa el rendimiento en bases de datos desbalanceadas (aque-
llos problemas de clasificaciéon donde el niimero de patrones de cada clase es muy
diferente). La Figura 0.4 presenta un ejemplo motivador de un problema de clasifi-
cacién ordinal done queremos comparar el rendimiento de dos clasificadores sobre
el mismo conjunto de datos. En el ejemplo, el clasificador b) es mejor clasificador
ordinal que el clasificador a), a pesar de que la precision global de a) es mayor.

0.3 BREVE ESTADO DEL ARTE EN REGRESION ORDINAL

En los tltimos afios han surgido bastantes propuestas relacionadas con la clasifica-
cién ordinal. Por ejemplo, Raykar et al. [24] han disefiado funciones de clasificacion
por rangos en el contexto de la regresion ordinal y el filtrado de informacion colabora-
tivo. Kramer et al. [25] han mapeado la escala ordinal asignando variables numéricas
para luego aplicar un modelo de 4rbol de regresién.

Otras alternativas simples que aparecen en la literatura tratan de imponer la es-
tructura ordinal a través de la clasificacién sensible a costes, donde clasificadores
estandares (nominales) tienen en cuenta la informacién ordinal mediante la distin-
ta penalizacién a los errores, normalmente mediante un coste igual a la desviacién
absoluta entre la etiqueta predicha y la real [26].

La tercera alternativa directa sugerida en la literatura consiste en transformar el
problema de clasificacién ordinal en un problema de clasificacion binaria anidada [27,
28] para combinar, en una segunda fase, las predicciones de los clasificadores en la
prediccién final ordinal. Es obvio que la informacién ordinal permite comparaciones
entre las diferentes etiquetas de clase. Para una etiqueta concreta k, una pregunta
asociada podria ser «jes la etiqueta del patrén x mayor que k?». Esta pregunta es
equivalente a un problema de clasificacién binaria, de modo que un problema de
clasificacién ordinal puede resolverse aproximando cada problema de clasificacién
binaria de manera independiente y combinando las salidas binarias para predecir
una clase [27].

Otra alternativa [28] impone pesos de forma explicita sobre los patrones de cada
sistema binario de forma que los errores en los patrones de entrenamiento se penali-
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zan de forma proporcional a la diferencia absoluta entre su rango y k. La binarizacién
de los problemas de regresion ordinal puede enfocarse también como problemas de
clasificacién binaria aumentada, esto es, los problemas binarios no se resuelven de
forma independiente, y en cambio un tnico clasificador binario se construye para
todos los subproblemas. Por ejemplo, Cardoso y Pinto da Costa [29] afiaden dimen-
siones adicionales y replican los puntos de los datos mediante lo que denominan
método de replicacion de datos. Este espacio aumentado se utiliza para construir un
clasificador binario, y la proyeccién en el espacio original resulta en un clasificador
ordinal. Un marco de trabajo muy interesante en este sentido es el propuesto por Liy
Lin [30], Lin y Li [31], que realiza una reduccién desde una clasificacién ordinal con
costes a un problema de clasificacién binaria ponderada (reduction from cost-sensitive
ordinal ranking to weighted binary classification, RED), que es capaz de reformular el pro-
blema como un problema binario utilizando una matriz para extender los patrones
originales, un esquema de ponderacién y una matriz de costes en forma de V. Una
caracteristica interesante de esta propuesta es que unifica muchos de los algoritmos
de ranking o de regresién ordinal, como el Perceptrén ranking [32] o las mdquinas de
vectores soporte para regresiéon ordinal [33]. Mds recientemente el aprendizaje por
cuantificacion vectorial (learning vector quantization, LVQ) ha sido adaptado al caso
ordinal en el contexto de aprendizaje basado en prototipos [34]. En este trabajo la
informacién de orden se utiliza para seleccionar y adaptar prototipos para cada clase,
asi como para mejorar el proceso de modificacién de los prototipos.

Otras propuestas de métodos para clasificacién ordinal — de hecho la mayoria de
ellas — pueden agruparse bajo el grupo de los modelos de umbral [35]. Estos métodos
suponen que la respuesta ordinal estd asociada a una variable latente medida en es-
cala continua y modelada mediante intervalos de clase sobre la recta real. Basandose
en esta asuncién, los algoritmos buscan una direccién sobre la que los patrones son
proyectados, y fijan una serie de umbrales que parten la direccion de la proyeccion
en intervalos consecutivos que representan las categorias ordinales [35-39].

0.4 MOTIVACION Y RETOS

Tal y como se ha mencionado, la clasificacién ordinal trata con problemas de cla-
sificacion supervisada en los que existe un orden entre las categorias. Este orden se
suele deducir por la naturaleza del problema por parte de un experto o por simples
deducciones de los datos. Por ejemplo, un problema de deteccién de una enferme-
dad puede afrontarse como un problema de clasificaciéon ordinal en el que el objetivo
es asignar la etiqueta de clase adecuada a un paciente a partir de unas variables de
entrada, siendo el conjunto de categorias {C; = riesgo, Co = severo, C3 = normal,
Cy4 = posible presencia, Cs = ausencia}, donde las etiquetas representan el grado de
una enfermedad asignado por médicos. Asi, tenemos una relaciéon de orden natural
entre las clases (riesgo < severo < normal < posible presencia < ausencia), done riesgo
es el peor grado de la enfermedad y ausencia el mejor. En este caso, la naturaleza
ordinal del problema puede deducirse no s6lo por la observacién de las variables
dependientes, las etiquetas de clase, sino también por la observacién de las variables
independientes, que reflejan este orden en el espacio de atributos X. Es relativamen-
te obvio que variables como la fiebre o el pulso son variables que pueden crecer o
decrecer en relacién a la etiqueta de clase.
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Hasta ahora se han mencionado dos temas de interés en clasificacién ordinal: la
caracterizacién de errores y la explotaciéon de la informacién de orden. Ademads, y
partiendo del ejemplo de detecciéon de enfermedad, existen otras caracteristicas de
los datos que son reconocidas ampliamente como retos dentro de la comunicad de
aprendizaje automético. En primer lugar, el problema del desbalanceo de clases tam-
bién esta presente en los problemas de clasificaciéon ordinal [17, 19, 40]. En el ejemplo
anterior podriamos afirmar que el niimero de patrones de la clase riesgo puede ser
relativamente menor comparado con el nimero de patrones de la clase ausencia. En
segundo lugar, puesto que a menudo las etiquetas de clase representan grados o
rangos, es bastante probable que se de el caso de solapamiento entre clases o entre
subconjuntos de las clases. De nuevo partiendo del ejemplo anterior, es probable que
las clases riesgo y severo estén altamente solapadas. Especialmente para los modelos
de umbral, que son los més extendidos [35, 40], la presencia de alta dimensionalidad
junto a la separabilidad no lineal de los datos pueden hacer que la funcién de proyec-
cion ¢ resulte en modelos complejos que impongan transformaciones altamente no
lineales desde el espacio de entrada al espacio latente. Esta imposicién de modelos de-
masiado rigidos para las proyecciones puede derivar en problemas para clasificar los
patrones en las fronteras de la clase, sobre todo en presencia de ruido o solapamiento
entre clases, ya que los patrones situados en estas fronteras pueden ser erréneamente
proyectados a un intervalo correspondiente a una clase que no es la suya.

Considerando las cuestiones planteadas hasta ahora, podemos sintetizar los si-
guientes retos abiertos que forman parte de los objetivos de la tesis:

REVISION DEL ESTADO DEL ARTE. En comparacién con la clasificacién nominal, la
ordinal ha sido un campo muy poco explorado dentro del drea de aprendizaje
automadtico. Sin embargo, existen varios trabajos y publicaciones relacionados
con la regresion ordinal, lo que hace necesario realizar un anélisis de los mis-
mos. Principalmente, parece necesario proponer una taxonomia de los métodos
existentes, asi como realizar el esfuerzo de recopilar las principales métricas de
especificas de evaluacién. Estos dos temas ayudaran a contextualizar y evaluar
las propuestas que se hagan en la materia.

DESBALANCEO DE CLASES. Considerando el obvio cardcter multi-clase de los pro-
blemas de clasificacion ordinal, y que en muchas ocasiones las clases represen-
tan grados, este tipo de conjuntos de datos presentan un alto grado de desba-
lanceo, es decir, algunas clases tienen muy pocos patrones comparadas con el
resto de las clases, lo que puede provocar que algunos clasificadores ignoren a
las clases con un nimero significativamente menor de patrones, convirtiéndolos
en clasificadores triviales para las clases mayoritarias.

EXPLOTACION DE LA RELACION DE ORDEN DE LAS CLASES. Varios autores defi-
nen a los clasificadores ordinales y sus algoritmos de entrenamiento como a)
métodos que optimizan la clasificaciéon de acuerdo a métricas que consideren el
orden y magnitud de los errores y b) métodos que explotan el conocimiento a
priori de la disposicién ordenada de los patrones en el espacio de entrada. No
obstante, el segundo aspecto no suele contemplarse de manera explicita en la
formulacion de los clasificadores.
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Por dltimo, debemos destacar que consideramos que no sélo es necesaria la pro-
puesta de nuevos métodos, sino también la aplicacién de estos nuevos modelos y
algoritmos a problemas reales*. Asi, se identificardn algunos problemas reales de
regresion ordinal y serdn abordados con las técnicas desarrolladas.

0.5 OBJETIVOS

Esta tesis se centra en investigacion en torno a los retos mencionados previamente,
aunque los dos tltimos serdn los principales. El primer reto es un punto de partida
necesario, mientras que el segundo no es un problema exclusivo de la clasificacién
ordinal. Todos estos retos los podemos formalizar en una serie de objetivos que seran
abordados en diferentes capitulos:

1. Objetivos para la realizaciéon del estado del arte en regresion ordinal (RO):

a) Proponer una taxonomia para métodos de RO. La primera parte en el estudio
serd la revision de estado del arte para regresion ordinal. Aunque este ob-
jetivo estd implicito en cualquier tesis, la RO es un campo relativamente
reciente y, hasta donde sabemos, no existen trabajos de revision especificos
para este drea. Por tanto, resulta especialmente importante recopilar traba-
jos existentes, asi como proponer una taxonomia que permita organizar
los métodos y contribuir con esto al estado del arte. Esta es la razén por la
que pensamos que es necesario formalizar este objetivo.

b) Recopilar métricas de evaluacion de RO. Tal y como se ha sefialado, la RO
necesita métricas de rendimiento especificas que no s6lo consideren el nu-
mero de errores, sino también la magnitud de los errores. Es necesario, por
tanto, un esfuerzo para identificar todas las propuestas al respecto.

c) Seleccionar bases de datos de pruebas. Una exploracién preliminar del estado
del arte sugiere que no existen repositorios de bases de datos especificos
que sean publicos. El repositorio de bases de datos mds utilizado en la
literatura es el ordinal regression benchmark dataset repository proporcionado
por Chu y Ghahra-mani [41]. Sin embargo, estas bases de datos de prue-
ba no representan problemas reales de clasificacién ordinal, sino que son
problemas de regresiéon cuya variable de respuesta ha sido discretizada.
Respecto a esto, identificamos dos problemas: primero, las bases de datos
no pertenecen a problemas de clasificacion reales, y cuestiones como el
etiquetado erréneo de los patrones o el desbalanceo de clases relacionado
con la naturaleza del problema no estan presentes; en segundo lugar, al
utilizar intervalos de igual ancho para la generacién de las etiquetas de
clases se produce un desbalanceo artificial de las clases en el conjunto de
datos.

2. En torno al problema del desbalanceo de clases se formalizan los siguientes
objetivos:

4 De hecho, el grupo de investigacion AYRNA, al que el doctorando pertenece, tiene una demostrada
experiencia en la aplicacién de técnicas de aprendizaje automaético a problemas reales, ver publicaciones
del grupo en http://www.uco.es/ayrna.
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a)

b)

DE LA TESIS

Realizar un andlisis del estado del arte para el desbalanceo de clases en clasificacion
nominal. Los problemas derivados del desbalanceo de clases han atraido de
manera notable la atencion de muchos cientificos, sobre todo en la dltima
década. Asi pues es casi obligatorio explorar brevemente este trabajo pre-
vio antes de realizar nuevas propuestas.

Optimizar algoritmos que afronten el problema del desbalanceo de clases nominal
como un problema de optimizacién multi-objetivo. Una forma de tratar el des-
balanceo es mediante algoritmos evolutivos multi-objetivo, tal y como se
propone en los trabajos de Ferndndez-Caballero et al. [21] y Gutiérrez et al.
[22]. Los resultados de estos trabajos presentan buena clasificacién para
todas las clases en entornos multi-clase, aunque su coste computacional es
alto. Esto motiva la exploracién de alternativas mds eficientes, como por
ejemplo la familia de algoritmos extreme learning machine (ELM) [42], un
tipo de algoritmo no iterativo que resulta muy eficiente para el entrena-
miento de redes neuronales artificiales.

Explorar nuevas soluciones considerando el desbalanceo de clases ordinal. Tal y
como se ha expuesto, los problemas de RO suelen presentar desbalanceo
entre las clases. Los dos objetivos previos serviran para el desarrollo de un
nuevo método que trate el problema del desbalanceo en el contexto de la
clasificacién ordinal.

3. Explotacién del orden de los datos. En este trabajo se desarrollardn varios mode-
los de variable latente, con especial atencién a nuevos clasificadores ordinales

que

exploten mejor el orden de los datos, en torno a esto se formulan los si-

guientes objetivos:

a)

b)

d)

Comprobar si la explotacion del orden de los datos mejora el rendimiento de clasi-
ficacién en problemas de RO. Aunque la principal premisa de partida es que
en problemas de naturaleza ordinal la RO deberia mejorar a la clasifica-
cién nominal, los resultados experimentales deberdn confirmarla y asi, en
general, los métodos de RO deberian obtener mejores resultados que los
nominales.

Disefiar algoritmos de RO basados en regresion estdndar evitando asunciones tri-
viales sobre la variable latente. Tal y como se ha presentado en este capitulo
de introduccién, algunas propuestas sugieren simplificaciones que impli-
can tratar el problema como un problema de regresién estandar [25]. Sin
embargo, obtener un valor 6ptimo para representar cada clase es un pro-
blema abierto que depende, en general, del problema de clasificacién abor-
dado. Uno de los objetivos de esta tesis es extender esta propuesta previa
pero evitando simplificaciones triviales sobre las etiquetas de clase.

Desarrollar modelos de variable latente sélo considerando restricciones en el con-
junto de etiquetas. La definicién estricta de RO se ajusta tinicamente a la
restriccion en el espacio de la variable objetivo. Por tanto, algunas de las
propuestas se desarrollardn considerando sélo esta restriccion.

Desarrollar clasificadores que exploten el orden de los datos de entrada. A pesar de
la restriccion estricta de RO (ver discusion en el Apartado 3.2 del Capitulo
3), algunos autores como Hithn y Hiillermeier [17] han extendido esta
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definicién sugiriendo que el orden de las etiquetas puede estar presente
en el espacio de entradas. Asi pues, tanto los algoritmos de aprendizaje
como los modelos podrian beneficiarse de la explotacién de esta asuncién
a priori, y por tanto nosotros estudiaremos esta cuestién con propuestas
especificas.

Desarrollar un método que relaje la proyeccion interna de los modelos de umbral.
Tal y como el lector podrd comprobar en el Capitulo 3, la mayoria de los
métodos construyen modelos de proyeccién que proyectan los patrones en
el espacio latente tratando, simultdineamente, de maximizar la distancia
inter-clase y minimizar la distancia intra-clase, de esta forma los patrones
de la misma clase se proyectan cerca en el espacio latente, y los patrones de
las clases diferentes son proyectados lo mas separadamente posible. Tal y
como se ha comentado en esta introduccién, en contextos de solapamiento
entre clases o ruido esta filosofia puede generar modelos que impongan
transformaciones demasiado rigidas que generalicen peor. Pensamos que
relajar estas condiciones de distancias intra e inter clases podria ayudar a
mejorar el rendimiento con datos de generalizacién, al mismo tiempo que
supondria una novedad en el modelado de la variable latente.

4. Aplicacién de métodos de RO a problemas reales. En esta tesis se afrontaran
algunos problemas reales bajo el prisma de la RO con el objetivo dltimo es
justificar la investigacion en el drea. A continuacién formulamos los objetivos
asociados a dos problemas reales:

a)

b)

Desarrollo de un sistema de calificacion del crédito de los paises utilizando regre-
sion ordinal. La importancia del problema de la calificacién del crédito de
los estados ha ido creciendo desde el estallido de la crisis financiera. Sin
embargo, el papel de las agencias de calificacion de crédito en la crisis fi-
nanciera, entre otros factores, ha motivado una btisqueda de alternativas
muy activa en este tipo de problemas. La evaluacién de la solvencia de los
emisores de deuda normalmente se hace dentro de una escala ordinal. A
pesar de esto, las técnicas de RO apenas se han utilizado para evaluar estos
problemas, siendo la clasificacién binaria el paradigma predominante en
los ambitos financiero y de crédito [43].

Desarrollo de sistemas de prediccion de la velocidad del viento utilizando regresion
ordinal. Los trabajos previos sobre prediccién de la velocidad del viento
tratan la velocidad del viento como una variable continua. Sin embargo,
los gestores de parques edlicos, mds que una cifra de velocidad exacta,
necesitan tener una idea general de niveles de velocidad determinados por
la produccién de energia asociada a estos intervalos. Con esta informacion,
los gestores de los parques edlicos pueden optimizar las operaciones de
los mismos, por ejemplo, la programacién del encendido y apagado de las
turbinas de forma 6ptima. Parece pues interesante estudiar este problema
de prediccion bajo el enfoque de la regresion ordinal.
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0.6 ESTRUCTURA DE LA TESIS

Esta memoria de tesis se organiza de la siguiente forma (al principio de cada capi-
tulo se incluye un resumen de mismo y se enumeran las publicaciones asociadas):

El Capitulo 1: INTRODUCTION, MOTIVATION AND OBJECTIVES realiza la in-
troduccioén la tesis en inglés, donde se incluye la presentacién del aprendizaje
automatico y la regresién ordinal y la formalizacién de objetivos.

El Capitulo 2: COMPUTATIONAL INTELLIGENCE FOR CLASSIFICATION AND
REGRESSION introduce algunos conceptos y técnicas de inteligencia compu-
tacional que se emplean o extienden en esta tesis.

El Capitulo 3: ORDINAL REGRESSION presenta un estudio sobre la regresion
ordinal, incluyendo una propuesta de taxonomia para los métodos existentes
y un conjunto de métricas de rendimiento especificas para RO. Este capitulo
cubre los objetivos 14 y 1b.

Capitulo 4: NEW PROPOSALS FOR CLASS IMBALANCE PROBLEM presenta una
revision de literatura relacionada con el desbalanceo de clases, y ademds mues-
tra nuevas propuestas para entrenamiento de clasificadores sensibles al proble-
ma del desbalanceo de clases, con especial énfasis en la optimizacién del coste
computacional. Este capitulo cubre los objetivos 2a y 2b.

El Capitulo 5: NEW PROPOSALS FOR ORDINAL REGRESSION recoge distintas
propuestas especificas para RO. La primera propuesta presentada en este ca-
pitulo establece brevemente las bases para enlazar los trabajos de desbalanceo
de clases y la regresién ordinal (objetivo 2c). La segunda propuesta enfoca el
problema de RO como un problema de regresién estdndar (objetivo 30) tanto
con explotacién del orden de etiquetas (objetivo 3c¢) como explotacién del or-
den de los datos de entrada (objetivo 34). La tltima propuesta de este capitulo
propone una proyeccién del espacio de entrada de los datos al espacio latente
que recoge la idea de relajar la proyeccién tal y como identifica el objetivo 3e.
De forma transversal, se recogen varias bases de datos de RO, de manera que
el capitulo también contempla el objetivo 1c.

El Capitulo 6: APPLICATION OF ORDINAL REGRESSION TO SOVEREIGN CRE-
DIT RATING presenta la aplicacién del método PCDOC (propuesto en el Capi-
tulo 5) al problema de la evaluacién del crédito de los paises. En este capitulo
no soélo se presenta un sistema de clasificacién, sino también se propone el uso
de la proyeccién realizada por el regresor asociado al método PCDOC como
técnica de visualizacién del rango de los paises que puede ser incorporada a
sistemas de apoyo a la decision. Este capitulo cubre el objetivo 44.

El Capitulo 7: APPLICATION OF ORDINAL REGRESSION TO WIND SPEED FO-
RECASTING describe la aplicacion de técnicas de RO a la prediccién de veloci-
dad del viento como herramienta de ayuda a los gestores de parques edlicos.
Este capitulo cubre el objetivo 4b.
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= El Capitulo o: RESUMEN DE LA TESIS finaliza la memoria de la tesis con un
resumen de las contribuciones cientificas y proporciona algunas pistas sobre
posibles lineas de investigacién futuras.

Por tltimo, los resultados experimentales de los capitulos 5, 6 y 7 confirman la
hipétesis planteada en el objetivo 312 porque se muestra, en general, una mejora del
rendimiento obtenido por los métodos de RO frente a métodos nominales similares.

0.7 RESUMEN Y CONCLUSIONES

Esta memoria de tesis presenta un trabajo de investigacion en el campo de la regre-
sion ordinal orientada fundamentalmente en torno a dos problemas: el desbalanceo
de clases — problema comun con otros tipos de clasificacién — y la explotacién del
orden de los patrones de las clases con el fin de mejorar el rendimiento de los cla-
sificadores. En este apartado resumiremos las principales contribuciones de la tesis
agrupadas por temas.

0.7.1  Revisién de trabajos y taxonomia de métodos

La contribucién cientifica de la tesis comienza en el Capitulo 3, donde se realiza un
estudio exhaustivo de métodos de regresion ordinal. En el momento de escribir esta
tesis, no tenemos conocimiento de trabajos de revision similares para esta materia.
El capitulo define formalmente el problema de la regresién ordinal, y lo diferencia
claramente de otros problemas relacionados. Tras esto se presenta una propuesta de
taxonomia para métodos de RO que los divide en cuatro grandes grupos: aproxi-
maciones ingenuas o simplistas (naive approaches), descomposiciones binarias (binary
decompositions), modelos de umbral (threshold models) y clasificaciéon binaria aumenta-
da (augmented binary classification).

En nuestra opinién, la taxonomia propuesta puede ayudar a futuros investigado-
res a proponer y desarrollar métodos de RO, permitiendo categorizar las nuevas
propuestas y a analizar los métodos similares.

0.7.2 Desbalanceo de clases

El Capitulo 4 esta dedicado al primero de los dos grandes objetivos de investiga-
cién de la tesis: el problema del desbalanceo de clases (también denominadas bases de
datos desbalanceadas). Tal y como se ha introducido, en los tdltimos afios, y especial-
mente dentro de 4rea de clasificacién nominal, el tema del desbalanceo de clases ha
motivado mucha actividad en torno al disefio de clasificadores que consideren todas
las clases del problema, asi como al desarrollo de métricas de evaluacién especificas
que consideren el rendimiento de clasificacion clase a clase.

No obstante, el problema del desbalanceo de clases se ha afrontado fundamental-
mente para problemas de clasificacién binaria, debido a una serie de barreras que
evitan aplicar técnicas robustas, como el analisis ROC, a entornos multi-clase. Recien-
temente, este tipo de problemas desbalanceados multi-clase se han abordado desde
un enfoque de optimizacién multi-objetivo. Sin embargo, el coste computacional de
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estas propuestas motiva nuevos trabajos de investigacién para obtener métodos maés
eficientes.

Asi, en el Capitulo 4 se exploran varias alternativas para afrontar el problema del
desbalanceo en entornos multi-clase de una manera més eficiente. Considerando el
rendimiento en clasificaciéon para todas las clases y el tiempo computacional, se se-
leccion6 como mejor opcién la basada en una salida del modelo de red continua y
probabilistica evaluada mediante una funcién basada en la raiz del error cuadratico
medio (RMSE). Los puntos que hacen efectiva y eficiente la alternativa seleccionada
son tres. Primero, las anteriores propuestas, basadas en frentes de Pareto, son refor-
muladas como un problema de optimizacién convexo de una combinacién lineal y
ponderada de los objetivos considerados. Segundo, las funciones de error (a partir
de las salidas del modelo) se disefiaron para producir respuestas continuas y proba-
bilisticas. En este sentido se presentaron varias propuestas para guiar un algoritmo
evolutivo, destacando dos de las funciones de error continuas, una basada en la en-
tropia cruzada y la otra basada en el RMSE. La segunda resulté mas robusta y més
facil de calcular en términos de coste computacional. Estos dos factores redujeron
notablemente el coste de la evaluacion de las soluciones candidatas, a la vez que ayu-
daron a generar clasificadores més robustos. El tercer factor clave en el disefio de este
sistema eficiente fue la seleccion del algoritmo Evolutionary Extreme Learning Machine
(E-ELM), un algoritmo muy eficiente para el entrenamiento de redes neuronales.

0.7.3 Modelos de regresion ordinal y aprendizaje

El segundo gran tema de investigacién de esta tesis es la exploracién de nuevos
modelos y algoritmos de aprendizaje para regresion ordinal. Las contribuciones en
esta materia se hacen en el Capitulo 5.

La primera propuesta es el algoritmo E-ELMOR, que hereda algunas de las lec-
ciones aprendidas en el Capitulo 4. En este sentido, se propone la funcién de error
RMSE ponderado (Weighed RMSE, WRMSE) como propuesta para guiar la basque-
da de soluciones candidatas en un algoritmo evolutivo. El WRMSE refleja de forma
simultdnea tres criterios que son deseables en un clasificador ordinal, a la vez que
tiene en cuenta el problema del desbalanceo de clases: a) los errores de clasificacion
de clases no adyacentes deben ser mas penalizados segtn la distancia entre las clases
crece; b) la probabilidad a posteriori de pertenencia de un patrén a cada clase debe
ser unimodal y decrecer monétonamente hacia las clases no adyacentes; c) en otras
métricas de error, como el MZE (Mean Zero-one Error o ratio de error medio), sélo
una de las salidas de la red neuronal (la que tenga valor maximo) suele contribuir a
la funcién de error, y ademds no contribuye con el valor de salida, por el contrario,
en métricas basadas en el RMSE, y teniendo disponible una salida probabilistica con-
tinua, cada salida del modelo (probabilidades a posteriori) contribuye a la funcién de
error de manera que los umbrales de salida y probabilidades a posteriori tenderan
a ser mas discriminantes. Todo esto es posible porque en este trabajo utilizamos un
unico modelo multi-clase, ya que estas ideas no serian directamente trasladables a es-
quemas como las descomposiciones binarias. Los resultados de Evolutionary Extreme
Learning Machine for Ordinal Regression (E-ELMOR) suponen una mejora considerable
respecto a los métodos de referencia.
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(a) Representacién de la base de datos toy. (b) Representacion de la base de datos spi-
ral.

Figura o.5: Representaciones de las bases de datos toy (propuesta por Herbrich et al. [8]) y la
base de datos spiral (propuesta en el Capitulo 5).

El resto de propuestas se centran en transformar el problema de clasificacién en un
problema de regresioén estandar como forma de modelar la variable latente descono-
cida —que refleja la disposicion de orden entre los patrones de las diferentes clases—.

En esta linea, la segunda propuesta es el método Numerical Variable Reconstruction
(NVR). Esta alternativa se cifie a la definicién estricta de RO en la que la restricciéon
de orden sélo se aplica a las etiquetas, esto es, al espacio de salida. Este método ajusta
una serie de distribuciones de probabilidad para muestrear valores continuos que se
utilizan para representar a cada patrén en el espacio latente. Dependiendo de la clase,
el valor latente correspondiente al patrén se extrae de una funcién de probabilidad
diferente, de manera que los valores latentes para los patrones de una misma clase
siempre estdn acotados en el mismo intervalo. Una vez obtenida la representacion
latente de los patrones, se entrena un modelo de regresién para predecir esta variable.
NVR funciona de manera aceptable en algunas bases de datos, sin embargo, cuando
extendemos la experimentacion a més bases de datos y utilizamos mas métricas de
evaluacién del rendimiento, el método no resulta suficientemente robusto.

En este punto, consideramos que la idea de producir una variable continua aso-
ciada a los patrones y entrenar un regresor para predecir esta variable podria seguir
siendo vélida, pero esta variable deberia ser generada de una forma més adecuada. A
pesar de que la definicién estricta de RO no considera orden en el espacio de entrada,
los modelos de umbral asumen de manera implicita que el espacio latente refleja de
alguna forma el orden total de los patrones. Asi pues, surge la idea de explotar de
forma explicita este orden para construir la variable latente.

Para esto, nuestro objetivo es capturar el orden de los datos en la proyeccién uni-
dimensional que es el espacio latente, de manera que las posiciones relativas de los
patrones en el espacio de entrada se trasladen a posiciones relativas en el espacio
latente. Un idea inicial podria ser, por ejemplo, utilizar el centroide de cada clase,
de manera que los patrones se posicionen en el espacio latente segtin su distancia al
centroide de la clase. Sin embargo, una observacién inicial de los conjuntos de datos
de ejemplo de la Figura 0.5 sugiere que esto no es un idea robusta, porque en estos
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conjuntos de datos los centroides de las clases son muy similares. Asi surge la idea
de utilizar distancias entre pares de clases vecinas para realizar la proyeccién de los
patrones al espacio unidimensional. De esta forma nos cefiimos a la definicién de
orden de la RO donde la relacién orden esta garantizada en las clases vecinas.

La idea expresada en el anterior parrafo es implementada por la propuesta de
proyeccion de distancias entre pares de clases (Pairwise Class Distance (PCD)), y el clasi-
ficador asociado, denominado proyeccién basada en distancias entre pares de clases para
clasificacion ordinal (Pairwise Class Distances for Ordinal Classification (PCDOC)). Experi-
mentalmente, concluimos que el método PCDOC alcanzé un rendimiento adecuado
en comparacién con varios métodos de estado del arte. Ademads, dentro de los ex-
perimentos estudiamos en profundidad las diferentes formas de modelado de los
métodos de umbral. Tras este andlisis concluimos que el resto de métodos tienen a
compactar las proyecciones de los patrones de la misma clase, haciendo que el valor
latente de los patrones de cada clase (en el conjunto de entrenamiento) sea précti-
camente el mismo. En algunas bases de datos, esta proyeccion tan forzada a través
de transformaciones altamente no lineales puede derivar en un peor rendimiento de
generalizacion. Esta forma de proyeccion es més relajada en el método PCDOC, que
tiende a producir modelos de proyeccién mds suaves.

En conclusién, los resultados indican que nuestra propuesta de dos fases para la
clasificacién ordinal es una alternativa a los métodos del estado del arte que resulta
viable y facil de entender. Ademéds, en el caso de PCDOC, la proyeccién construida en
la primera fase extrae de forma consistente informacién ttil para la clasificacién. Un
ejemplo de la utilidad de esta informacién es la aplicacion de esta técnica al problema
de la evaluacién del crédito soberano, realizada en el Capitulo 6, y que se resume en
el siguiente apartado.

0.7.4 Mejora de problemas de aplicacion reales bajo el enfoque de regresion ordinal

Dos problemas de aplicacién reales se han presentado en esta tesis.

La primera aplicacién es abordada en el Capitulo 6, y consiste en la calificacién
de crédito de los paises utilizando el método PCDOC, el cudl es comparado experi-
mentalmente con otros clasificadores nominales y ordinales. La robustez del método
PCDOC, asi como la de otros métodos, es destacable considerando varias métricas
de evaluacion.

Ademas de realizar la tarea de clasificacién, la proyeccion del modelo de regresiéon
interno del método PCDOC se utiliz6 como técnica de visualizacién de la posiciéon
de los paises evaluados, lo que proporciona una buena herramienta para construir,
por ejemplo, sistemas de ayuda a la decisiéon. En comparacion con otras técnicas
de visualizacién de datos no supervisadas, la proyeccion del modelo PCDOC esté
validada a través de su idoneidad para clasificar patrones de manera correcta.

La segunda aplicacion es un problema de prediccién de la velocidad del viento, y se
trata en el Capitulo 7. En este capitulo proponemos transformar los valores continuos
de velocidad del viento en un conjunto de etiquetas ordinales, de forma que cada
etiqueta estd relacionada con la energia que se puede generar segtn el rango de
valores de velocidad del viento. En el capitulo se realizan una serie de experimentos
extensivos, comparando la capacidad de varios clasificadores nominales y ordinales
para predecir la etiqueta.
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La conclusién mds importante de estos dos tltimos capitulos es que el abordar
estos dos problemas como técnicas de regresiéon ordinal mejoré el rendimiento de
generalizacion. Esto, en definitiva, justifica la presente tesis y motiva futuras investi-
gaciones en el campo de la regresién ordinal.

0.8 TRABAJO FUTURO

Hay una serie de lineas de investigacion que podrian extender el trabajo presentado
en esta tesis.

0.8.1  Posibles mejoras para los métodos propuestos

En relacién a los métodos propuestos para regresion ordinal, las siguientes cuestio-
nes podrian ser exploradas:

= En el caso de E-ELMOR, el trabajo futuro podria implicar el disefio y experi-
mentacion con nuevos cédigos de salida y nuevas funciones de error asociadas.
Por ejemplo, se podrian disefiar nuevos c6digos de salida para la red neuronal
que consideren la distancia entre las etiquetas de clase.

= En relacién a la proyeccion PCD, al final del Capitulo 5 se realiza una discu-
sién sobre la posible influencia no deseada de valores atipicos o outliers en la
proyeccién. Tal y como se sugiere en el propio capitulo, una alternativa directa
seria utilizar un esquema del tipo k-NN para calcular la distancia minima de un
patrén a los patrones de las clases vecinas. De esta forma, en lugar de utilizar
el valor minimo de las distancias a puntos de una clase, se puede utilizar la
media de los k valores minimos de las distancias a puntos de las clases g &= 1.
Esto supondria una generalizacién de la propuesta que ahora mismo calcula
estas distancias con un valor de k = 1. Sin embargo, la inclusién de k implica
afiadir un nuevo pardmetro libre al proceso de entrenamiento.

0.8.2  La cuestion de la evaluacién del orden de los datos

Distintos experimentos realizados durante el desarrollo de esta tesis han revelado
que algunos clasificadores nominales obtenian mejor rendimiento que los clasifica-
dores ordinales en algunas bases de datos aparentemente ordinales. Esto nos lleva a
pensar que incluso cuando la naturaleza de un problema sugiere que existe una re-
lacion de orden entre las clases, este orden puede que no esté reflejado en el espacio
de entrada.

Asi, como punto de partida para una posible linea de investigacién, en este apar-
tado realizamos una serie de experimentos para alterar de forma artificial el orden
de las clases. El objetivo es comprobar cudndo se ve alterado el rendimiento de los
clasificadores ordinales si se cambia la restriccion de orden. Para estos experimen-
tos, simplemente reetiquetamos las bases de datos para alterar el orden inicial de
las clases y por tanto el orden relativo de los patrones en el espacio de entrada. El
reetiquetado consiste en permutaciones de las etiquetas de clase. Para cada base de
datos en cuestion se realiza una serie de experimentos con las etiquetas originales
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(Original), una permutacién aleatoria de las etiquetas (Shuffle), y un orden inverso
de las etiquetas (Inverse). La Tabla 0.1 muestra las tres combinaciones de etiquetas
utilizadas en los experimentos dependiendo del ntiimero de clases del problema y la
Tabla 0.2 muestra las caracteristicas de las diferentes bases de datos utilizadas para
estos experimentos.

Tabla o.1: Etiquetado original y opciones de reetiquetado (etiquetas «aleatorias» (Shuffle) y
orden inverso de las etiquetas (Inverse)). Observe que la segunda opcién no es una
ejecucion puramente aleatoria sino que el orden es alterado con la restriccién de
evitar érdenes parciales entre las clases, y ademds, la combinacién «aleatoria» resul-
tante es la misma para todos los experimentos para poder realizar comparaciones
entre métodos.

Ntmero de clases Original Shuffle Inverse
2 [1,2] [2,1] [2,1]
3 [1,2,3] [1,3,2] [3,2,1]
4 [1,2,3,4] [1,4,2,3] [4,3,2,1]
5 [1,2,3,4,5] [3,1,5,2,4] [5,4,3,2/1]
6 [1,2,3,4,5,6] [1,5,2,4,6,3] [6,5,4,3,2,1]
7 [1,2,3,4,5,6,7] [3,1,7,5,2,6/4] [7,6,5,4,3,2/1]
8 [1,2,3,4,5,6,7,8] [3.81,7,5.2,6,4] [8,7,6,5,4,3,2/1]
9 [1,2,3,4,5,6,7,8,9] (3,8,1,7,5,9,2,6,4] [9,8,7,6,54,3,2,1]

[1,2,3,4,56,7,89,10] [3,108,1,7,59,2,6,4] [109,8,7,6,54,3,2,1]

=
o

Los experimentos se realizaron de una forma similar a como se han hecho en
el resto de la tesis, en este caso la precision (Acc) es la métrica utilizada para la
comparacion. No utilizamos métricas de RO ya que en estos experimentos no se
asume ninguna relaciéon de orden concreta entre las etiquetas. Por este motivo Acc
es la métrica utilizada también como criterio de selecciéon de los hiper-pardmetros de
los métodos.

La Figura 0.6 muestra el rendimiento de varios clasificadores en las mismas ba-
ses de datos con distinto etiquetado. La figura revela que varios de los métodos de
RO tienen una caida notable en el rendimiento cuando el orden de las etiquetas es
alterado (y por tanto el orden de los datos en el espacio de entrada). En especial,
los métodos de umbral (PCDOC, Support Vector Ordinal Regression with implicit cons-
traints (SVORIM) y Kernel Discriminant Learning for Ordinal Regression (KDLOR)) se
ven afectados muy negativamente por el etiquetado aleatorio. En el caso de PCDOC
y KDLOR, el rendimiento también se degrada para el caso de la inversién de etique-
tas, mientras que el método SVORIM no se vio afectado. El método Extreme Learning
Machine for Ordinal Regression (ELMOR) también esta afectado por la caida del ren-
dimiento, pero la pérdida de rendimiento relativa es menor. Como era de prever, el
método Cost Support Vector Classification (SVC) no estd afectado por el reetiquetado
de las bases de datos’. De este estudio surgen las siguientes preguntas: a) ;por qué la

Cabe destacar que, aunque SVC es un método determinista, hay pequefias variaciones en el rendimiento
del clasificador. El motivo es que la seleccién de hiper-pardmetros se realiza mediante una bisqueda en
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Tabla o.2: Caracteristicas de las bases de datos de prueba consideradas para los experimentos
de reetiquetado

Base de datos N° Patr. N° Atri. N°Clases Distribucién de las clases
automobile (AU) 205 71 6 (3,22,67,54,32,27)
balance-scale (BS) 625 4 3 (288,49,288)

ERA (ER) 1000 4 9 (92,142,181,172,
158,118, 88,31,18)
eucalyptus (EU) 736 91 5 (180,107,130,214, 105)
LEV (LE) 1000 5 (93,280,403,197,27)
newthyroid (NT) 215 5 3 (30,150, 35)
pasture (PA) 36 25 3 (12,12,12)
squash-stored (SS) 52 51 3 (23,21,8)
squash-unstored (SU) 52 52 3 (24,24,4)
SWD (SW) 1000 10 4 (32,352,399,217)
tae (TA) 151 54 3 (49,50,52)
toy (TO) 300 2 5 (35,87,79,68,31)
winequality-red (WR) 1599 11 6 (10,53, 681,638,199, 18)

caida de rendimiento es mayor para algunas bases de datos? b) ;por qué algunos de
los métodos de RO son mds robustos a este proceso de reetiquetado?. La respuesta
a la pregunta a) esta relacionada con el hecho de que la estructura ordinal puede
encontrarse en el espacio de etiquetas o espacio de salida, pero no en el espacio de
entrada. La respuesta a la pregunta b) deberia encontrarse en la forma en que cada
algoritmo construye y optimiza los diferentes clasificadores.

En conclusion, y considerando estos experimentos preliminares, existe motivacion
suficiente para realizar un andlisis del espacio de entrada con el fin de evaluar el gra-
do de orden de los problemas. Asi, una de las lineas de trabajo futuro deberia incluir
el desarrollo de métodos para evaluar lo oportuno de abordar un problema como
una tarea de clasificacién ordinal o como una de clasificacién nominal en funcién de
evaluaciones previas del conjunto de datos.

malla que realiza un proceso de validacion cruzada interno. Este proceso de validacién realiza diferentes
particiones de los datos de entrenamiento, produciendo conjuntos de entrenamiento y validacién que
dependen de una semilla aleatoria. Especialmente para conjuntos de datos pequefios, la seleccién de
algunos de los patrones para los conjuntos de entrenamiento y validacién puede influir en la seleccién
final de hiper-pardmetros, y en consecuencia el rendimiento en generalizacién se ve afectado.
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Part 1

INTRODUCTION

This first part of the thesis presents the ordinal regression problem and
contextualizes it in the field of machine learning and computational intel-
ligence. Chapter 1 presents a general introduction to machine learning
and ordinal regression in order to state the objectives of the thesis. Chap-
ter 2 presents the main machine learning paradigms related to this thesis.
In Chapter 3, a state-of-the-art review regarding ordinal regression is de-
veloped.






INTRODUCTION, MOTIVATION AND OBJECTIVES

Summary. This chapter introduces the context of machine learning field
to study the ordinal classification problem. Ordinal classification lies in
the area of supervised classification techniques, also referred to as “clas-
sifiers”, “learning algorithms”, or simply “learners”. A brief introduction
to supervised learning and ordinal regression is done in order to contex-
tualize the reader and state the main objectives. The chapter ends up with

a road map of the thesis dissertation.

1.1 MACHINE LEARNING AND SUPERVISED LEARNING

Machine learning does not have a well established definition as pointed out by
Professor Andrew Ng [10]. In 1959, Arthur Samuel defined machine learning as a
“Field of study that gives computers the ability to learn without being explicitly pro-
grammed” [10, 11]. Later, Tom M. Mitchell stated “A computer program is said to
learn from experience E with respect to some class of tasks T and performance mea-
sure D, if its performance at tasks in T, as measured by P, improves with experience E”
[12]. Then, machine learning is equivalent to “learning from data” in order to extract
knowledge for several purposes, for instance to help humans to take decisions or
even automate decisions from data, as well as adapting systems dynamically to en-
able better user experiences [13]. This “learning from data” makes machine learning
to be placed somewhere between different science fields belonging to Artificial Intel-
ligence, Statistics and Mathematics (see Figure 1.1). Depending of how the learning
is done, different disciplines are developed, being provably the most active the com-
putational intelligence [14], which encloses artificial neural networks [15, 16], fuzzy
systems and evolutionary computation, including swarm intelligence. For historical
reasons some statistical and mathematical techniques, such as Support Vector Ma-
chines, rough sets, Bayesian networks and probabilistic reasoning, or even statistical
natural language processing, are accepted as valid computational intelligence top-
ics by computational intelligence conferences and journals, while many others, such
as numerical optimizations techniques, approximation theory, statistical methods or
first-order logic are beyond their scope [14].

One of the most active fields in machine learning is pattern recognition, that broadly
speaking can be divided into supervised learning, which can be informally described as
teaching the computer how to do something, then letting it use the new knowledge
found to do it, and unsupervised learning in which the computer learn how to do
something, and we use this to determine structure and patterns in data. In the first
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Artificial Intelligence Statistics / Mathematics
Data mining |
Machine Learning

Computer Vision

——— Robotics —

Figure 1.1: Machine learning: Where does it fit? What is it not? (source [13])

case, we provide the computer with labeled data whereas, in the second case, the data
is unlabeled and the computer has to structure it.

Supervised learning is probably the most common problem type in machine learn-
ing. For instance, let us suppose we want to predict house prices, see Figure 1.2a.
We can collect data regarding housing prices and how they relate to size in square
meters, and we can provide the algorithm this training data which is composed of
the independent variables (the size in m?) and the dependent variables® or “right an-
swers”. The learning algorithm has to build a model from this labeled (supervised)
training data and it has to be able to predict the right price values, that we do not
know, from new (previously unseen) data. In this case, the problems are named to
as regression problems because the target variable is continuous. The unseen data used
for testing the real performance of the predictor is typically called generalization data,
test data or testing data.

+ Tumour malignant
® Tumour benign
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™) ++ 4+ + t+ ° ++ + o L P o ©
~ ° o0
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(a) Example regression problem “Given these (b) Example classification problem “Can you
data, a friend has a house of 75 square me- estimate prognosis based on tumor size
ters, how much can he expect to get?”. and known age?”

Figure 1.2: Example of regression and classification problems (source [10]).

On the other hand, when the predicted variable is discrete, the problem is called
classification problem. For example, Figure 1.2b shows a classification problem in which

1 Typically there will be an unique dependent variable, however several supervised classification
branches, such as multi-label classification presents more than one dependent variable.
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we try to define breast cancer as malignant or benign based on tumour size and
patient’s age®. Based on the training data, the algorithm should be able to separate
the two classes. The output variable can have more than two classes, for instance
class benign, malignant type A, malignant type B and malignant type C. The former
are referred to as binary problems while the later are multi-class problems. There
is a third class of classification problems, which are indeed the main target of this
thesis. If there is an relation order between the classes, the problems are called ordinal
classification problems. In the example, if we want to classify a tumour in classes
“benign”, “suspiciously malignant”, we are
probably talking about ordinal classification because we are dealing with different
degrees of an illness. Ordinal classification is also known as ordinal regression because
it has both relation to classification and regression, as will be explained in the next
section.

malignant” and “alarming malignant”,
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Figure 1.3: An example of a binary (figure on the left side) and an ordinal classification (figure
on the right). In the first case, there are two status for a pattern: illness or no-
illness. Nevertheless, the expert can demand to have finer classification targets, so
the same problem can be addressed as a multi-class problem, which is the second
case. In addition, if the classes have an order arrangement between them, then we
are dealing with an ordinal regression problem, which is a more precise approach
for the above example.

Figure 1.3 shows an example of a binary classification problem compared to an
ordinal classification one with the purpose of detecting an illness. In the first case,
the learner will only be able to detect presence or absence of an illness. In the sec-
ond case, more degrees are allowed reflecting the severity of the illness. Up to this
point, we can talk about nominal multi-class problems. However a main issue makes
ordinal regression different to nominal classification: because of the problem nature,
there is an order arrangement between labels, and this order should be also present
in the attributes space3. This affects the classifier in two ways: first, the classifier
should exploit this a priori knowledge about the patterns distribution through the
input space [17] and, second, the classifier evaluation should be done with specific
performance measures [18]. That is, misclassifying a severe illness pattern as absence
must be more penalized than misclassifying the same pattern as normal illness. These

These variables have been selected for illustration purpose, it is obvious that a tumour cannot be classi-
fied only in terms of those variables.

Although it can happens that the problem nature suggests an order arrangement between labels that is
not reflected in the input space.
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two challenges draw the main differences with nominal classification, and so we
can state that addressing these problems as ordinal regression problems can help to
achieve the ultimate motivation of machine learning, “learning from data”.

1.2 ORDINAL CLASSIFICATION

Ordinal classification or ordinal regression (OR) is a supervised learning problem
of predicting categories that have an ordered arrangement. When the problem is re-
ally exhibiting an ordinal nature, it is expected that this order is also present in the
data input space [17]. The samples are labelled by a set of ranks with an ordering
amongst the categories. In contrast to nominal classification, there is an ordinal rela-
tionship throughout the categories and it is different from regression in that the num-
ber of ranks is finite and exact amounts of difference between ranks are not defined.
In this way, ordinal classification lies somewhere between nominal classification and
regression.

These classification problems should not be confused with sorting or ranking. Sort-
ing is related to ranking all samples in the test set, with a total order. Ranking is
related to rank the samples with a relative order, and with a limited number of ranks
(partial order). Of course, ordinal regression can be used to rank samples, but its
objective is to obtain a good accuracy, and, at the same time, a good ranking.

The relevance of ordinal classification is obvious because this type of problems are
common in our everyday life, where many problems require classification of items
into naturally ordered classes. Examples of these problems are the teaching assis-
tant evaluation [1], car insurance risk rating [2], pasture production prediction [3],
many problems from the field of preference learning [7], breast cancer conservative
treatment [4] or credit rating [6].

Ordinal classification problems present two main issues to be taken into account
by the learning algorithm. Firstly, the nature of the problem implies that the class
order is somehow related to the distribution of patterns in the space of attributes,
and also to the topological distribution of the classes (although, in general, this re-
lation will be a nonlinear one). Therefore the classifier must exploit this a priori
knowledge about the input space [17]. Secondly, when evaluating an ordinal clas-
sifier, the performance metrics must consider the order of the classes so that mis-
classifications between adjacent classes should be considered less important than the
ones between non-adjacent classes, more separated in the ordinal scale. For exam-
ple, given an ordinal dataset of weather prediction with a target variable taking val-
ues in the set {Very cold, Cold, Mild, Hot, Very hot}, the natural order between classes,
Very cold < Cold < Mild < Hot < Very hot is clear. It is straightforward to think
that predicting class Hot when the real class is Cold represents a more severe error
than that associated with a Very cold prediction [18]. Thus, specialized measures are
needed for evaluating ordinal classifier performance [18—20].

Whereas Accuracy (Acc) (also known as Correct Classification Rate (CCR)) is the
most common performance metric for nominal classification, the Mean Absolute Er-
ror (MAE) is the most commonly used one in the context of ordinal regression. In
multi-class classification, alternative metrics have been proposed, for instance, to mea-
sure the performance of individual classes [21, 22] (including those classes which are
worse classified). Similarly, the Averaged Mean Absolute Error (AMAE) has being
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Figure 1.4: Example of the necessity of using alternative performance metrics for ordinal re-
gression. Let us suppose this is the previous illness detection multi-class problem
where class 1 is severe illness, class 2 means normal illness and class 3 means ab-
sence. In the example, the same point set is classified by two different classifiers a)
and b). Classifier a) has the best performance regarding CCR, however classifier
b) has the best performance when considering MAE and AMAE metrics. In this
case, although a) is having the best classification ratio, it makes relevant mistakes
because it is misclassifying pattens of class 1 (severe illness) into class 3 (absence).
Observe that MAE and AMAE metrics improve for classifier b) pointing out that
b) is a better ordinal classifier than a) for the current dataset sample.

proposed by Baccianella et al. [23] in order to better evaluate the ordinal classifica-
tion performance in imbalanced datasets (those classification problems where the
number of patterns for each class is very different). Figure 1.4 presents a motiva-
tional example of an ordinal classification problem in which we want to compare the
performance of two classifiers with the same dataset. In the example, classifier b) is a
better ordinal classifier than classifier a), even thought the (global) Accuracy of a) is
the highest.

1.3 BRIEF STATE-OF-THE-ART OF ORDINAL CLASSIFICATION

Variety of approaches have been proposed for ordinal classification. For example,
Raykar et al. [24] learnt ranking functions in the context of ordinal regression and col-
laborative filtering datasets. Kramer et al. [25] mapped the ordinal scale by assigning
numerical values and then applied a regression tree model.

Other simple alternative that appeared in the literature tried to impose the ordinal
structure through the use of cost-sensitive classification, where standard (nominal)
classifiers are made aware of ordinal information through penalizing the misclassifi-
cation errors, usually by selecting a cost equal to the absolute deviation between the
actual and the predicted labels [26].

The third direct alternative suggested in the literature is to transform the ordinal
classification problem into a nested binary classification one [27, 28], and then to
combine the resulting classifier predictions to obtain the final decision. It is clear that
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ordinal information allows ranks to be compared. For a given rank k, an associated
question could be “is the rank of pattern x greater than k?”. This question is exactly a
binary classification problem, and ordinal classification can be solved by approaching
each binary classification problem independently and combining the binary outputs
to a rank [27].

Other alternative [28] imposed explicit weights over the patterns of each binary
system in such a way that errors on training objects were penalized proportionally
to the absolute difference between their rank and k. Binarization of ordinal regres-
sion problems can also be tackled from augmented binary classification perspective,
i.e. binary problems are not solved independently, but a single binary classifier is
constructed for all the subproblems. For example, Cardoso and Pinto da Costa [29]
added additional dimensions and replicated the data points through what is known
as the data replication method. This augmented space was used to construct a binary
classifier and the projection onto the original one resulted in an ordinal classifier. A
very interesting framework in this direction is that proposed by Li and Lin [30], Lin
and Li [31], reduction from cost-sensitive ordinal ranking to weighted binary clas-
sification (RED), which is able to reformulate the problem as a binary problem by
using a matrix for the extension of the original samples, a weighting scheme and a
V-shaped cost matrix. An attractive feature of this framework is that it unifies many
existing ordinal ranking algorithms, such as perceptron ranking [32] and support
vector ordinal regression [33]. Recently, the Learning Vector Quantization (LVQ) was
adapted to the ordinal case in the context of prototype based learning [34]. In that
work the order information is utilized to select class prototypes to be adapted, and
to improve the prototype update process.

Moreover, other proposals addressing ordinal classification — indeed the vast ma-
jority of them — can be grouped under the umbrella of thireshold methods [35]. These
methods assume that ordinal response is a coarsely measured latent continuous vari-
able, and model it as real intervals in one dimension. Based on this assumption,
the algorithms seek a direction onto which the samples are projected and a set of
thresholds that partition the direction into consecutive intervals representing ordinal

categories [35-39].

1.4 MOTIVATION AND CHALLENGES

As previously mentioned, ordinal classification deals with supervised classification
problems in which there is an order within categories. This order is typically deduced
from the problem nature by an expert or by a simple inference about the data. For
instance, illness detection example can be considered as an ordinal classification prob-
lem with the purpose of assigning the right ordered category to a person given a set
of input variables, being the category label set {C; = risk, C; = severe, C3 = normal,
Cy = possible presence, Cs = absence}, where labels represent the illness degree as-
signed by doctors. Here there is a natural order between classes (risk < severe <
normal < possible presence < absence), risk being the worse illness degree and absence
the best one. In this case, the ordinal nature of the problem can be deduced, not only
from the dependent variables, i.e. the labels, but also for the independent variables,
that reflect this order in the space of attributes X'. For example, it is straightforward
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to observe that fever or heartbeat are variables that can have similar values for one
class and their neighbouring classes.

We have mentioned two main issues about ordinal classification: error character-
ization and data ordering exploitation. In addition, and starting from this illness
classification example, some data characteristics widely recognized as challenging is-
sues in machine learning can be pointed out. Firstly, class imbalance problem is also
present in ordinal classification problems [17, 19, 40]. In the example, the number of
patterns of class risk can be relatively small when compared to the number of pat-
terns of absence class. Secondly, since class labels often represent ranks or degrees,
class overlap can occur between all or a subset of classes. In the example, classes risk
and severe will be probably highly overlapped. Specially for latent variable models,
which are by far the most extended methods [35, 40], the presence of high dimension-
ality and nonlinearly separable data can make the mapping function ¢ result into
complex models that impose highly nonlinear transformations from the input space
to the latent space. Imposing too rigid models in these projections can derive into
problems for classifying patterns in the classes boundaries, specially in the presence
of the before mentioned noise or class overlapping, since patterns placed on those
boundaries can be projected to the interval belonging to the wrong class.

Considering the ahead issues, we can synthesize the following open challenges that
constitute the objectives of this thesis:

STATE-OF-THE-ART IN ORDINAL REGRESSION. Compared with nominal classifica-
tion, ordinal regression is a machine learning field much less studied and ex-
plored. However, there are several works and literature dealing with this ordi-
nal regression, which makes necessary to perform a proper analysis of them. A
taxonomy of ordinal regression methods and an effort to gather and compare
the main metrics for their evaluation would help to contextualize the proposals
in the field.

CLASS IMBALANCE. Considering the obvious multi-class feature and some of the
ordinal classification problems nature, the ordinal regression datasets present
a high imbalance degree (i.e. some classes have few patterns when compared
to the rest of the classes). Imbalance problem can generally harm classifiers,
which tend to ignore minority populated classes, presenting a trivial behaviour
with respect to those classes.

DATA ORDERING EXPLOITATION. Several authors define ordinal classifiers, and their
associated learning algorithms, as a) methods that optimize the classification
task constrained to metrics that consider errors ordering and magnitude, and b)
methods which exploit the a priori knowledge about ordered placement of pat-
terns. However, the second aspect of ordinal classifiers is not usually included
explicitly in the classifier formulation.

Last, it should be highlighted we consider necessary not the only the proposal of
new methods but also the application of the developed models and algorithms to real
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world problems*. Then, real world ordinal regression problems will be identified and
tackled by using the different methods proposed.

1.5 OBJECTIVES

The present thesis addresses the aforementioned open challenges, although the
two latter are the main ones. The first challenge is a necessary starting point and the
second one is not exclusive for ordinal classification. All these challenges result in
the following formal objectives considered for the thesis:

1. State of the art in ordinal regression objectives:

a) To propose an OR method taxonomy. The first part in the study consist on
a review of the state of the art in ordinal regression. Although this ob-
jective is implicit in any thesis, ordinal regression is a very recent field
and, up to the authors knowledge, there are not surveys related to this
topic. Thereafter, it is even more important to collect existing works and
also to propose a taxonomy to organize existing methods in order to prop-
erly contribute to the state-of-the-art. That is the reason why we consider
necessary to formalize this objective.

b) To review OR evaluation metrics. As pointed out in the Introduction, ordinal
regression needs specific performance metrics to consider not only the
number of errors but also the magnitude of the errors. An effort has to
be made in order to gather all different metric proposals in this field.

c) To select benchmark datasets. Preliminary exploration of the state of the art
suggest that there are no public specific datasets repositories for ordinal
classification. The most used dataset repository in the literature is the or-
dinal regression benchmark datasets provided by Chu and Ghahramani [41].
However, the benchmark datasets provided by Chu and Ghahramani are
not real ordinal classification datasets but regression problems which tar-
get variable has been discretized. We identify two problems regarding
these datasets: first, the datasets are not real classification datasets, there-
fore issues such as class mislabel or class imbalance related to the prob-
lems nature are not present here; and second, using same width intervals
for classes label generation produce an artificial class imbalance in the
datasets.

2. Class imbalance can be divided into the following objectives:

a) To perform an analysis of the state of the art for nominal class imbalance. Class
imbalance problem has been widely attracting scientific attention in the
last decade. Then it is mandatory to briefly explore this work of the com-
munity before searching for new proposals.

b) To optimize algorithms that tackle the nominal class imbalance as a multi-objective
optimization problem. For dealing with class imbalance, multi-objective

4 Indeed, the AYRNA research group, to which the doctorate belongs to, has a demonstrated experience
in the application of machine learning techniques to real world problems, see Publications in http:
//www.uco.es/ayrna
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1.5 OBJECTIVES

evolutionary algorithms can be considered as proposed in the works of
Ferndndez-Caballero et al. [21] and Gutiérrez et al. [22]. The results of
these works present interesting classification performance for all the classes
in multi-class problems but their computational cost is expensive. Then it
raises the issue of exploring more efficient approaches, such as Extreme
Learning Machine (ELM) [42], which is a non-iterative algorithm for learn-
ing neural networks.

To explore new solutions considering ordinal class imbalance. As previously
stated, ordinal regression datasets commonly suffer from the problem of
class imbalance. The two previous objectives are aimed at helping to de-
velop a new method for dealing with skewed class distributions in ordinal
regression problems.

3. Data ordering exploitation. In this work, latent variable models will be drawn
special attention to develop new ordinal classifiers which are able to better
exploit data ordering, so that the following objectives are formulated:

a)

b)

d)

To check if data ordering exploitation improves classification performance in OR
problems. Although the main premise is that OR classification should per-
form better than nominal classification for ordinal problems, experimental
results should demonstrate a better performance of OR methods with re-
spect to standard nominal classifiers.

To design OR algorithms based on standard regression but avoiding any trivial
assumption about the latent variable. As presented in this chapter, some sim-
plifications [25] of the OR problem suggest using standard regression to
predict classes in the ordinal scale. However, how to choose an optimal
value to represent each class is an open issue, being dependent, in gen-
eral, of the problem considered. One of the objectives of this thesis is to
extend this previous proposals but avoiding any trivial assumption about
the class labels.

To develop latent variable modelling approaches only with restrictions in the labels
set. The strict definition of ordinal regression tighten the order restriction
to the target variable space. Then some of the proposals will be developed
only with this restriction.

To develop classifiers that exploit the input data ordering. In spite of this strict
definition (see discussion in Section 3.2 of Chapter 3), some authors such
as Hithn and Hiillermeier [17] have extended the definition of ordinal re-
gression by suggesting that the labels ordering can be present in the input
space. Then, algorithms and models could be benefited of exploiting this
a priori assumption and we will study it with specific proposals.

To develop methods that relax the data projection of threshold methods. As the
reader can check in Chapter 3, most of methods build projection models
mapping patterns to the latent space aiming at maximizing inter-class dis-
tances and minimizing intra-class distance, so that patterns of the same
class are closely projected in the latent space, and patterns of different
classes are projected as much separate as possible. Relaxing these condi-
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tions could improve generalization performance, and will present a nov-
elty in latent variable modelling.

4. Application of OR methods to real problems. In this thesis some real world

problems will be addressed under the umbrella of OR. The ultimate goal is to
justify the research in the field of OR. Here there are two objectives associated
to two real problems:

a) To develop sovereign credit rating classification methods using ordinal regression.
The problem of the sovereign rating has had an increasing importance
since the beginning of the financial crisis. However the credit rating agen-
cies role in the financial crisis, among other factors, has motivated the
research in this type of problems. Evaluations of creditworthiness are com-
monly formulated in an ordinal scale. Nevertheless, the OR regression
approach for modelling these problems is being scarcely used, and binary
classification has been the most common method applied in the financial
and credit fields [43].

b) To develop wind speed forecasting systems using ordinal regression. Previous
works consider the wind speed as a continuous target variable, estimating
then the corresponding wind series of continuous values. However, the
exact wind speed is not always needed by wind farms managers, and a
general idea of the level of speed is, in the majority of cases, enough to
set functional operations for the farm. Wind speed can be described in an
ordinal scale, and it seems interesting to evaluate the performance of OR
methods for this problem.

1.6 ROAD MAP

The dissertation is organised as follows (each chapter will include a brief summary
of its contents and the list of publications associated to it):

L] Chapter 2: COMPUTATIONAL INTELLIGENCE FOR CLASSIFICATION AND RE-

GRESSION introduces computational intelligence techniques that are used or
extended during the present thesis.

Chapter 3: ORDINAL REGRESSION presents the ordinal regression survey, in-
cluding a taxonomy proposal for methods and a collection of performance met-
rics for OR. This chapter covers objectives 14 and 1b.

Chapter 4: NEW PROPOSALS FOR CLASS IMBALANCE PROBLEM presents a
literature review for class imbalance, and establishes the new proposals for
efficient classifiers training with imbalanced sets. This chapter covers objectives
2a and 2b.

Chapter 5: NEW PROPOSALS FOR ORDINAL REGRESSION. In this chapter the
first proposal establishes the basis for linking the work with class imbalance and
OR (objective 2c). The second proposal deals with the latent variable modelling
as a regression target (objective 30) with exploitation of the label ordering (goal
3c) and input space ordering (objective 3d). In this chapter the projection of
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the input data to the latent space is relaxed as mentioned in objective 3e. Also,
several datasets are collected and used, so that it also covers objective 1c.

s Chapter 6: APPLICATION OF ORDINAL REGRESSION TO SOVEREIGN CREDIT
RATING presents the application of the PCDOC method (proposed at Chapter 5)
to the problem of sovereign credit rating. In this chapter not only a classification
system is proposed, but also the projection of the regressor model in PCDOC is
proposed for ranking visualization, which might be suitable to build a decision
support system. This chapter covers objective 4a.

= Chapter 7: APPLICATION OF ORDINAL REGRESSION TO WIND SPEED FORE-
CASTING presents the application of OR techniques to wind forecasting to help
wind farms managers. This chapter covers objective 4b.

» Chapter 8: SUMMARY, CONCLUSIONS, AND FUTURE WORK ends up this thesis
dissertation with a summary of the scientific contributions and with hints about
possible future research lines.

Finally, the experimental results in chapters 5, 6 and 7 cover objective 32 because
they show a general performance improvement obtained by OR methods with respect
to their nominal counterparts.
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Summary. This chapter presents some of the background knowledge for
this thesis. Specifically, both neural networks and Support Vector Ma-
chines are used as the base of the proposals, and this chapter aims to
briefly introduce them, defining their formulation and describing their
learning process.

2.1 INTRODUCTION

As mentioned in the Introduction, machine learning groups methods that learn for
data in order to perform, in general, a classification or regression task. The goal is
to build models in such a way they generalize as better as possible over unseen data.
That is, the model will predict an output variable value according to new unlabelled
data.

Previous to the rise of machine learning and computational intelligence, these mod-
els were obtained through techniques such as optimization methods which aim to
minimize an error function. The researcher typically decided which method was
suitable for the data and then applied the optimization method. Nevertheless, data
nature is complex, and it presents handicaps such as non-linearity or high dimension-
ality which hints the modelling process.

With the ahead motivation, there arose techniques such as artificial neural networks
or the statistical learning theory in the 1960’s [44]. However, the lack of powerful com-
putational resources made those proposals lay exclusively on the theoretical plane. In
the 1980’s, the re-discovering of the backpropagation algorithm, as well as hardware
improvements, caused the rebirth of neural networks and the theoretical plane was
overcome. Later, in the 1990’s, other related techniques arose, such as Support Vector
Machines [44], also with theoretical and practical applications.

In this thesis, we will develop extensions to existing neural network models and
include the SVM for regression as a component of ordinal regression models. More-
over, we will employ several ANN and SVM methods to compare our proposals in
the experimental section. Thereafter, this chapter provides basic background related
to these techniques.
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2.2 ARTIFICIAL NEURAL NETWORKS
2.2.1 Definition of ANNs

Artificial neural networks (ANN), or simply neural networks, [16, 45] are a flexible
modelling technique which is based on the emulation of biological nervous systems.
Then, ANNs try to emulate how the human brain solves problems, and therefore
their biological interpretation is similar to the activation of brain neurons [46].

ANNSs combine large amount of processing elements which are highly intercon-
nected, and its computing capacity is developed through adaptive learning proce-
dures that properly fit the ANN model. The processing elements are typically called
nodes or neurons and they are structured in layers. The disposition allows ANNSs to be
flexible and to be able of modelling complex systems.

The general form of an ANN model is a black box in the sense that interpretability
of cause-effect relationship cannot be easily obtained, and where attributes or input
variables belong, in general, to a high dimensional space'. Neurons are modelled by
means of processing units or model’s nodes. Each processing unit consists of a set of
input connections, an activation function (which computes a value from all the input
connections), the central processing core (that applies the activation function), and
finally an output or transfer function (which transfers the activation value to other
units).

Mathematically, a neuron’s network function f(x) is composed of other functions
gj(x), which can be also defined as a composition of functions. This can be graph-
ically represented as a network structure, with arrows depicting the dependencies
between nodes [15]. The composition typically used is the nonlinear weighted sum,

so f(x) =h (Zj wjgj(x)>, where h is a predefined nonlinear activation function. In
this way, the elements that define a node of an ANN are:

» The weighted connections perform the role of the synaptic connections. Connec-
tion existence determines where it is possible that a node influences other node,
while signs and weight values define the type (excitatory or inhibitory) and
intensity of the influence.

» The activation function calculates the base value or total input arriving to the
node (generally as a simple weighted sum of all inputs, i.e. the sum of the in-
puts multiplied by the weights or connections values). We call 4; to the resulting
value.

» The transfer function, also known as output function, calculates the node output
as a function of the neuron activation. It is typically represented as h(-), and
different types of functions may be used, from simple threshold functions to
complex nonlinear functions. The output value ¢; of a hidden node is:

¢j(x) = h(a;) (2.1)

being x the vector of input variables describing a pattern.

1 Input variables are sometimes called attributes of features, however when working with kernel spaces,
attributes is reserved to the input space, and the unknown kernel space is refereed as the feature space
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Figure 2.1: Example of a single layer feed-forward neural network model with three layers,
four input variables, five hidden nodes and one output node>.

The architecture of an ANN is the way its nodes are arranged. The nodes, accord-
ing to their situation in the network can be of three types:

» Input nodes that receive network input signals (this is, the value of the model
independent variables), and build the input layer.

= Output nodes, which send output signals (this is, the dependent or response
variables), and make up the output layer.

» Hidden nodes, which are the rest of the nodes, and are grouped into one or more
hidden layers.

There are several alternatives to organize the information transmission between
nodes in the network, and the alternatives determine the nature of the ANN. Gener-
ally, ANNs can be grouped into:

» Feed-forward neural networks, in which information is propagated only from
input nodes to output nodes, i.e. their graph is a directed acyclic graph.

= Recurrent neural networks, which propagates information from input to output
nodes and also to other nodes, allowing the existence of cycles in the graph.

In this thesis, we will focus on single layer feed-forward (SLFF) neural networks,
which are the simplest case with only three layers (input layer, output layer and one
hidden layer). Figure 2.1 shows an example of this kind of ANNs. These can be
formally defined as a linear regression model that considers a linear combination
of nonlinear transformations of the input variables (¢;(x,w;)), with the following
expression:

M
y(x,0) = o+ ) Bigi(x, w;) (2.2)
=1
where M is the number of nonlinear transformation, ® = {B,wy,...,wy} is the

parameter set associated to the model, B = {Bo,..., M} are the coefficient values
associated to the lineal part of the model, ¢;(x, w;) represent the basis functions and
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x = {x1,..., xx} is the vector containing the input or independent variables. This type
of models are known as linear basis function models [9]. The polynomial regression
is an example of these models in which there is only one input variable and each
basis function is a power of this variable, ¢;(x) = x/. An extension of these type
of regression models are the spline functions regression methods, in which the in-
put space is divided into different regions and each region is approximated with a
different polynomial [47]. There are numerous options for selecting basis functions
typology, for instance, Gaussian functions that result in radial basis functions (RBF)
[48, 49] neural networks, sigmoidal units which produce the MultiLayer Perceptron
(MLP) [50], or product unit functions [51].

2.2.2  Taxonomy of neural networks according to the basis function

In general terms, we can consider two classes of activation functions for neurons
or nodes: additive and multiplicative. These types of functions result in two types of
ANNSs, whose peculiarities are discussed below:

» The additive model is the most used class. The output function of this neurons is
4)]'(X, Wj) = ]’l(w]‘o + Wi X1+ wippx2 + ... + ijxK),

where w; = {wjy, wj1, ..., ik } represents the value of the coefficients associated
with the node, () the transfer function and wj the node activation threshold
or bias. There are several kinds of additive nodes, for instance threshold neu-
rons or perceptron [46] (Which employ a step function), sigmoidal units (which
consider functions such as logistic sigmoid, hyperbolic tangent or arctangent
functions) and the lineal nodes (where the transfer function is the identity func-
tion).

s The multiplicative model is a more recent model which aims to model problems
in which there is an interaction between variables and decision regions that
cannot be separated by hyper-planes [52]. The more general approach here are
the product units (PUs):

(‘D]‘(X, W]) = xiujl . x;sz Cet x?’(
being w; = {wj1, W), ..., wjk } because the bias parameter is nonsense sense here.
Since the weights wj;, wj,...w;x are real numbers, PUs generalize other classes
of multiplicative neurons.

On the other hand, considering the basis functions, we can distinguish between:

» Kernel functions, which are local functions such as RBFs. Those functions have
better capacity for approximating isolated data, but they can perform worse in
the global space or when the number of input variables is high.

= Projection functions, that are global functions, such as the sigmoidal or product
unit. They tend to have more difficulties to deal with isolated data but their
performance is in general better when the number of input dimensions grows.

Following sections summarize the most extended models for single layer feedfor-
ward neural networks.
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2.2.3 Sigmoidal unit neural networks

A neural network with sigmoidal units or, more commonly called, a MultiLayer
Perceptron (MLP), is that formed by sigmoidal units in the hidden layer. These nodes
present an additive projection model with the following output function:

1 1
1+ef(wjothjl-x1+wj2~x2+...+ij.xK) 1+3*(w;o+zfi1wﬁ-x,-)

Pi(x, w;) =

The MLP networks have a important property: the family of real functions that
represent those networks can approximate any function with enough precision if the
proper number of hidden nodes is selected. This property provides a solid theoretic
basis for the study, development and application of these networks [50, 53, 54].

2.2.4 Product unit neural networks

The product unit neural networks (PUNNSs) were introduced by Durbin and Rumel-
hart in 1989 [51], and are those consisting of product unit nodes in the hidden layer.
These units follow a multiplicative projection model with the output function:

K
4)](X’ W]) = x;ujl . x;U]Z DI x;gﬂ( o Hx:(}]l
i=1

where w; = {wjl,wjz, veer w]-K} because these ANN models do not have bias in the
input layer.

Finally, as a consequence of the Stone-Weierstrass theorem3, it is direct to prove
that PUNNSs are universal approximators (observe that polynomial functions in sev-
eral variables are a subset of product unit models) [55, 56].

2.2.5 Radial basis function neural networks

A radial basis function (RBF) is a real-valued function whose value depends only
on the distance from the origin, or alternatively on the distance from some other point
called center. Then, RBF neural networks are those having RBF nodes in the hidden
layer. Each one of the RBF nodes makes an independent local approximation of the
input space, typically by a Gaussian function. The lineal output layer joins the effect
of all the nodes by adding each obtained value in the hidden layer. The key idea is
that each node is placed in a region in the input space (i.e. with center or mean in
this region) and a specific radious or width. The learning process for RBFs consists
on moving the hidden layer nodes through the input space varying the center and
widths, in such a way the network is better adjusted to the training data.

The activation function is equivalent to the Euclidean distance function (where
the RBF center is the vector w;j), and the transfer function is generally a Gaussian
function. Thereafter, the transfer function is:

1 (d(x,wj)>2
4)]<X,W]> =€ 2 7’]‘ ,

The Weierstrass approximation theorem states that every continuous function defined on a closed inter-
val [4, b] can be uniformly approximated as closely as desired by a polynomial function.
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where

w; = {wj1, W), ..., wik } is the center of the RBF and 7; is its radius or width.

RBF networks have also been proved to be universal approximators [57]. Com-
pared with MLP, RBF neural networks have the advantage of having local elements
in the model, and, as a consequence only some neurons are activated for a specific
pattern. This facilitates the training process, and both local optima and error surface
complexity are reduced because weight interactions are minimized. For concluding,
MLP training generally consists on one single phase, while RBF networks typically
needs two phases: first, basis functions are approximated by non supervised learning,
and then, output weights are fitted by supervised learning [9].

2.2.6 Functional model

As mentioned, the ANN models used in this thesis are single layer feedforward
networks. Those models consist of an input layer that receives the problem indepen-
dent variables, a hidden layer with different types of nodes available, and a linear
output layer with one or several output nodes.

2.2.6.1 Functional model for regression

An ANN used for regression tasks will have one output node (see example in
Figure 2.2). In this way, if we represent the set of coefficients associated to the ANN
as © = {B, W}, the functional model associated to the output node is:

M
f(x,8) = pBo+ Xilﬁf - Pi(x, W), (2.3)
=

where B = {Bo,B1,...,Bm} is the set of weights from hidden layer nodes to the
output node, By is the bias coefficient (or network bias), W = {wy, wy,...,, wy} the
set of coefficients associated to the hidden layer connections to the input layer, w; =
{wjo, wj1, ..., wix } the values of the connections of node j of hidden layer and ¢;(x, w;)
the output of node j of the hidden layer. In this way, any of the previously presented
basis functions ¢;(x, w;) could be used (considering that PU units do not include
the bias). For RBFs, a common solution is to consider the centre of a node as ¢; =
{wj, ..., wjk} and the radius as r; = wj.

2.2.6.2  Functional model for classification

In a supervised classification problem, the purpose is to predict the class a pattern
belongs to based on a training procedure with input numerical variables which are
labelled according to its class. The measured (random observations) variables x,
k=1,2,.., K (Kis the number of input dimensions) are grouped as an unique pattern
which should be classified in one of the Q classes based on these variables.

The, the training set is described as D = {(x;, t;);i = 1,2,..,N}, where x; =
(xi1, ..., xik) is the input vector with input variables taking values in x C RX and
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Figure 2.2: ANN model with K input neurons, M nodes in the hidden layer and one output
node (typically used for regression tasks).
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Figure 2.3: ANN model with K input neurons, M nodes in the hidden layer and Q output
nodes (typically used for classification tasks, where Q is the number of classes).

t; represents the class of the i-th pattern. When applying ANNs for nominal clas-
sification, the most usual approach is to consider a 1-of-Q coding scheme [9], i.e.
ti = {ta,..., tio}, ti; = 1if x; corresponds to an example belonging to class C;, and
tiy = 0 (or tj; = —1), otherwise. Then, an ANN for classification will have Q or Q —1
output nodes (see example in Figure 2.3). We can represent the coefficient associated
to an ANN with © = {0y, ..., OQ}, then the functional model associated to each output
node is:

M
fq(X, eq) = Pqo + Z By - 4>]'(X, Wj)r (2.4)
j=1

being 1 < g < Q, 0; = {B,, W} the set of coefficients of the g output node, B, =
{Bgo, Bg1,--» Bgm} the weights of connections between hidden and output layer for
this node, W = {w1, wy, ..., wy } the set of coefficients associated to the hidden layer,
w; = {wjo, Wity ery ij} the values of the connections of node j of hidden layer and
¢i(x, w;) the output of node j of the hidden layer.

The purpose of the training process is to find an estimation of the ANN coefficients
@ which allows the ANN to better classify unseen patterns. This is equivalent to
obtaining a decision function C : {Q,0} — {1,2, ..., Q} for classifying individuals. In
other words, the () space provides a partition D1, Dy, ..., Dg, where D, represents
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the g-th class, 1 < g < Q, and the patterns belonging to D; will be assigned to class
g. An incorrect classification is done if C assigns a pattern to class j when its actual
class is g with q # j.

In order to value the performance of an ANN for classification (or other type of
classifiers), typically the Correct Classification Rate (CCR) is used:

N . 0) = vy

where I(g) is a function that returns 1 if ¢ is true and 0 otherwise, and C(x;, 0)
is the class that the network with coefficients @ assigns to the pattern i. A good
classifier maximizes the CCR(8) ratio or minimizes the corresponding error, this is,
(1 — CCR(8)).

2.3 SUPPORT VECTOR MACHINES

The Support Vector Machines (SVM) [58] are perhaps the most common kernel
learning method for statistical pattern recognition. This technique (SVM and its vari-
ants and extensions) has been studied extensively and applied to several pattern
classification and approximation problems.

2.3.1  Support vector machines for binary classification

This section cover the basic ideas of SVM, that initially were formulated for binary
classification. The SVM can be extended to multi-class problems by means of different
mechanisms, for instance binary decompositions such as the OneVsOne scheme. This
topic is briefly explained in sections 3.3.2 and 3.3.2.1 in Chapter 3.

2.3.1.1  Hard-margin support vector machines

The basic idea behind SVMs is to separate the two different classes through the
optimal separating hyperplane which is specified by its normal vector w and the bias
term b, so if the training data is linearly separable, we could determine the separating
hyperplane as:

w-x! +b=0, (2.6)

what yields the corresponding decision function:

ifwl.x+b >0 yi=1 (2.7)
<OI yl:_ll

where the labels for binary classification are in the set {—1,1}.

Figure 2.4 shows different separating hyperplanes (Hj, H», H3) for addressing the
classification problem. As seen, the green hyperplane (H3) performs a trivial clas-
sification, unlike the red one (H) and the blue one (H;). But when comparing the
red and the blue ones, both perform a perfect classification. However, the red hy-
perplane (H;) would be preferred because it maximizes the margin between classes.
This property makes it more robust when classifying future patterns.
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Figure 2.4: Different separating hyperplanes computed for the classification.

If we take into account that no training data satisfy w! - x +b = 0 (as they are
linearly separable), we could consider instead the following inequalities for the sake
of separability:

> =
ifwl xt+pd =1 V=L (2.8)
S _]-/ Vi= —1.
Then, Eq. 2.8 would be equivalent to:
yi(wl-x+b)>1 fori={1,...,N}. (2.9)

The distance between the separating hyperplane and the training data sample near-
est to the hyperplane is called the margin. Now, consider determining the optimal
separating hyperplane. The distance from a training data sample x to the separat-
ing hyperplane is given by |D(x)|/||w]||. Because the vector w is orthogonal to the
separating hyperplane, the line that goes through x and that is orthogonal to the
hyperplane is given by ﬁ + x, where |a| is the distance from x to the hyperplane.

Finally, to find the optimal separating hyperplane we need to find w with the
minimum distance norm that satisfies Eq. 2.9. Therefore, the optimal separating
hyperplane can be obtained by solving the following minimization problem for w
and b:

minimize: Q(w,b) = %HWH2 (2.10)

st:y;(wix;+b) >1 fori={1,...,N}. (2.11)

In Eq. 2.10, ||w]]| is the Euclidean norm (as it is the one used in this case), and the
square in the equation is added for avoiding an optimization problem with a square
root. The assumption of linear separability means that there exist some w and b
that satisfy Eq. 2.11 (this set of possible solutions for the problem are called feasible
solutions). By using the quadratic objective function with the inequality constraints,
even if the solutions are not unique, the value of the objective function will be unique.
Thus, non uniqueness is not a problem for support vector machines, and this is
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Small margin Large margin

Figure 2.5: Graphical representations of the concepts large margin and support vectors.

precisely one of the advantages of support vector machines over neural networks,
which have numerous local minima.

As can be seen in Figure 2.5, we are seeking for the optimal separating hyperplane,
that is, the one which performs the larger separation for the training data. This figure
shows two decision functions that satisfy 2.9. Thus, there are an infinite number of
decision functions for that. The generalization ability will depend on the location
of this separating hyperplane. If we assume that there are no outliers in the data
and that the unknown test patterns obey the same distribution as that of the training
data, then it is well-known that the generalization ability is maximized by using this
optimal separating hyperplane.

The optimization constrained problem stated in Eq 2.10 and 2.11 could be con-
verted into the unconstrained problem:

N
Q(w,b,a) = %WTW — szl-{yi(wai +b)—1}, (2.12)
i=1

where &« = (a1,...,an)T and a; are the non-negative Lagrange multipliers.

2.3.1.2 The kernel trick

Before continuing, we need to introduce the concept of kernel trick, which is essen-
tial for SVM techniques (and other kernel methods). Basically, the kernel trick allows
the computation of dot products in high-dimensional feature spaces, using simple
functions defined on pairs of input patterns. This trick allows the formulation of
nonlinear variants of any algorithm that can be cast in terms of dot products. The
basic motivation for working in high dimensional spaces is that it can help to linearly
separate data which is not linearly separable in the input space. An intuitive example
of how increasing the number of dimensions can allow linear separability of the data
is done in Figure 2.6.

The kernel concept was introduced into the field of pattern recognition by Aiz-
erman et al. [59] in the context of the method of potential functions. Although ne-
glected for many years, it was re-introduced into machine learning in the context of
large margin classifiers by Boser et al. [60], giving rise to the technique of support
vector machines. Since then, there has been considerable interest in this topic, both
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Figure 2.6: Example of how increasing the number of dimensions can allow linear separability
of the data. The example in the left side is not linearly separable. However, by
adding the square of the input variable as an extra dimension, the data can be
linearly separable.

in terms of theory and applications. One of the most significant developments has
been the extension of kernels to handle symbolic objects, thereby greatly expanding
the range of problems that can be addressed. The general idea is that, if we have
an algorithm formulated in such a way that the input vectors x; appear only in the
form of dot products between them, we can replace that dot product with some other
choice of kernel. For instance, the technique of kernel substitution can be applied to
principal component analysis (PCA) in order to develop a nonlinear variant of PCA
[61]. Other examples of kernel substitution include nearest-neighbor classifiers and
the kernel Fisher discriminant [62, 63].

When referring to a pattern classification algorithm as support vector machines or
discriminant analysis, the optimal separating or projection hyperplane is supposed
to maximize the accuracy. However, if the training data are not linearly separable,
the obtained classifier may not present a high accuracy, even when the hyperplane is
optimally determined.

Because of that, to enhance the linear separability, the original input space is
mapped into a higher dimensional dot-product space (also known as feature space)
by using a mapping function ¢. Then, the linear decision function in the input space
is given by:

D(x) = wp(x) +b, (2.13)

where w determines the decision hyperplane and b is a bias term.

Figure 2.7 shows other toy example of a binary classification problem mapped
into feature space. In this example, we assume that the true decision boundary is an
ellipse in the input space. The task of the learning process is to estimate this boundary
based on empirical data consisting on training points in both classes (crosses and
circles, respectively). When mapped into feature space via the nonlinear mapping
function ¢, the ellipse becomes a hyperplane. This is due to the fact that ellipses can
be written as linear equations in the entries of (z1,22,23). Therefore, in the feature
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space, the problem reduces to that of estimating a hyperplane from the mapped data
points.
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Figure 2.7: Toy example of a binary classification problem mapped into feature space.

The development of kernel-based algorithms has resulted from a combination of
machine learning theory, optimization algorithms from operations research and ker-
nel techniques from mathematical analysis. These three ideas have spread far beyond
the original support vector machine algorithm: virtually every learning algorithm has
been redesigned to exploit the power of kernel methodology.

But the main idea and advantage of the kernel methods is that without knowing
the nonlinear feature mapping or the mapped feature space explicitly, we can work
on the feature space through kernel functions, as long as the problem formulation
depends only on the inner products between data points.

2.3.1.3 Nonlinear support vector machine

As said before, when data is not linearly separable, the kernel trick can be applied
(using a mapping function ¢) so that the previous definitions should be redefined.
By doing this, the optimal separating hyperplane can be given as:

w-p(x)+b=0, (2.14)

what yields the corresponding decision function:

f) =g =sgn((w-9(x))+b),

where § = +1 if x belongs to the corresponding class and § = —1 otherwise. And,
as done before, we should formulate the optimization problem and apply Lagrange
multipliers.

Figure 2.8 shows the decision function after applying the kernel trick and the se-
lected support vectors. This technique can be seen then as a linear parametric model
re-cast into an equivalent dual representation in which the predictions are based on
a linear combination of a kernel function evaluated at the training data points. The
parameters of the kernel model would be typically given by the solution of a convex
optimization problem, so there is a single, global optimum.

SVMs can also be thought as generalized perceptrons with a kernel that computes
the inner product on transformed input vectors ¢(x), where ¢(x) denote the feature
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Figure 2.8: Graphical representation of the separation bounds after applying the kernel trick
and the selected support vectors (source Bishop [9]).

vector x in a high dimensional reproducing kernel Hilbert space (RKHS) related to x
by a specific transformation [58]. All computations are done using the reproducing
kernel function only, which is defined as:

k(xx') = ¢(x) - p(x'),

where - denotes the inner product in the RKHS.

2.3.1.4 Soft-margin support vector machines

Up to this point, we have formulated the hard-margin support vector machine.
Beyond specifying nonlinear discriminants by kernels, another generalization has
been proposed which replaces hard margins by soft margins. This allows to handle
noise and pre-labeling errors, which often occur in practice. If we do not handle this
kind of problems, the hard-margin support vector machine can be unsolvable or it
can lead to overfitting (when using the nonlinear version). Because of that, the so
called slack-variables ¢; are used to relax the hard-margin constraint [58]. Therefore,
to allow inseparability, the nonnegative slack variables are introduced into Eq. 2.9, so
that:

yi(wl -x+b)>1-¢& fori={1,...,N}. (2.15)

By using the slack variables ¢;, feasible solutions will always exist. For the pattern
x;, if 0 < ¢; < 1 (as the case ¢; in Figure 2.9), the data is very close to the decision
boundary but are still well-classified. But if ¢; > 1 (as the case ¢ in Figure 2.9) the
data are misclassified by the optimal hyperplane.

So, to obtain the optimal hyperplane in which the number of training data that lie
into the margin or into the wrong side of the hyperplane is minimum, we need to
minimize:

z

Q(w) = Y 60(&),

1

Il
—_

49



50

COMPUTATIONAL INTELLIGENCE FOR CLASSIFICATION AND REGRESSION

Figure 2.9: Graphical representation of the slack variables which allows the soft-margin clas-
sification.

where
1 for ¢; >0

o) = {0 for ¢ = 0

But this is a combinatorial optimization problem and difficult to solve. Instead, we
consider the following minimization problem:

1 N
min L(w) = =||lw||>+C i 2.16
min Lw) = 5wl +C )6 (2.16)

subject to:
yi- (W-p(x)+b)>1-¢;,&>0,Vi={1,--- ,N}, (2.17)

where y; is the class of the input pattern x;, and constant C is a hyper-parameter that
should be optimally selected (typically by a grid search procedure). The correspond-
ing dual problem implies the use of Lagrange multipliers («;). More details can be
found in [9].

The final classification rule can be expressed as follows:

N
7(x) = sgn (Z wiyik(x, x;) + b) , (2.18)

i=1

where «; represents the solution to the dual problem. Sparsity of the model is
achieved because only a subset points x; € SV will result in nonzero Lagrange multi-
pliers («; # 0), where SV is the set of support vectors, so the model can be rewritten
as:

7(x) = sgn Z uc]-y]-k(x, x]-) +b, (2.19)
XjESV
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The example of Figure 2.8 also provides a geometrical insight into the origin of spar-
sity in the SVM. The maximum margin hyperplane is defined by the location of the
support vectors. Other data points can be moved around freely (so long as they re-
main outside the margin region) without changing the decision boundary, and so the
solution will be independent of such data points [9].

2.3.2  Support vector machines for regression

Support vector machines have been extended to regression problems resulting to
Support Vector Regression (SVR). This algorithm preserves the property of sparse-
ness. First we define the error function to minimize. In the linear regression case, the
following regularized error function is commonly used:

N +—

1

N 9 A
(@06) =y + 5 [[wl* (2.20)
=1

In the case of SVR, the quadratic error function is replaced by an e-insensitive error
function proposed by Vapnik [64] in order to obtain a sparse solution. This function
gives zero error if the absolute difference between the prediction 7(x) and the target
y is less than €, where € > 0. A simple example of this error function with a linear
cost associated with errors outside the insensitive region is (see Figure 2.10):

N 0, if [0(x) —vy| <e
Ee(§(x) — y) = 150 =1 (2.21)
|7(x) —y| —€, otherwise.

>
>

—€ 6 € z
Figure 2.10: Plot of an e-insensitive error function (red colour) in which the error increases

linearly with distance beyond the insensitive region [—e, +€|. For comparison, it
is also shown the quadratic error function (green colour) (source [9]).

Then, we minimize a regularized error function given by:

N 1 )
CY Ee(9(xi) —yi) — §||W|| . (2.22)

i=1

where 7(x;) is given by Eq. 2.13. By convention, the (inverse) regularization parame-
ter C appears in front of the error term. We can reformulate the optimization problem
by introducing slack variables but, in this case, we need two slack variables for each
data point x;: {; > 0 and ¢ > 0, where ¢; > 0 corresponds to a point for which target
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y(z) y+e€

»
>

Xz

Figure 2.11: SVM regression model together with the e-insensitive "tube’ (source [9]). ¢; and
¢ (¢ and & in the figure) are slack variables examples. Points above the e-tube
have ¢; > 0 and {7 = 0, points below the e-tube have ¢; = 0 and ¢} > 0. Points
inside the e-tube have ¢; = ¢7 = 0.

value y; > 7(x;) +¢€, and ¢ > 0 corresponds to a point for which y; < 7(x;) — €. An
illustration of the SVM model for regression is shown in Figure 2.11.

A target point lies inside the e-tube if §;(x;) —e€ < y; < y; + €. After introducing
the slack variables, we allow points to lie outside the tube provided that the slack
variables are non-zero. The corresponding conditions are:

Now the error function for support vector regression can be written as:

N * 1 2
CY (@ +2) + SIwlE,
i=1

which must be minimized subject to the constraints ¢; > 0 and ¢; > 0. The cor-
responding dual problem for minimizing this function implies using two kinds of
Lagrange multipliers («; and a}). More details can be found in [9].

Predictions of new inputs can be expressed in terms of the kernel function:

y(x) =) (& —af)p(x,x;) + b,

M-

Il
—_

1

where a; and «; are the Lagrange multipliers.

Figure 2.12 shows the influence of the € parameter in the e-SVR model. This gives
us a hint about the relevance of this parameter that should be mandatory optimized
(typically by a grid search cross-validation procedure).

2.4 RESOURCES

There a numerous books and online resources that the reader can check in order to
extend its knowledge about artificial intelligence, machine learning, computational
intelligence, pattern recognition and other fields.
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Figure 2.12: Example of the influence of the € parameter in the SVR model.

2.4.1 Books

The following books are essential literature for machine learning and computa-

tional intelligence:

» Christopher M. Bishop. Pattern Recognition and Machine Learning. Springer.
2007. ISBN 978-0-387-31073-2. Website with complementary resources http:
//research.microsoft.com/en-us/um/people/cmbishop/prml/.

» Bernhard Scholkopf and Alexander J. Smola. Learning with Kernels: Support
Vector Machines, Regularization, Optimization, and Beyond. The MIT Press, 1st
edition, December 2001. ISBN 0262194759.

= Agresti, A. Analysis of ordinal categorical data Wiley, 2010.

2.4.2  On-line resources

The following on-line resources are interesting for introducing many of the terms
included in machine learning and computational intelligence:

= Machine learning course by Professor Andrew Ng (Stanford University) https:

//www.coursera.org/course/ml

= Neural Networks for Machine Learning by Professor Geoffrey Hinton (Univer-
sity of Toronto) https://www.coursera.org/course/neuralnets

= Artificial intelligence. (2013, May 13). In Wikipedia, The Free Encyclopedia.
Retrieved 10:19, May 14, 2013, from http://en.wikipedia.org/w/index.php?
title=Artificial_intelligence&oldid=554962155
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= Machine learning. (2013, May 3). In Wikipedia, The Free Encyclopedia. Re-
trieved 10:22, May 14, 2013, from http://en.wikipedia.org/w/index.php?title=
Machine_learning&oldid=553372918

2.4.3 Free software

The following free software integrates several machine learning and statistical
methods:

» Scikit-learn (http://scikit-1learn.org) [65] has been used for generating some
of the graphics of this thesis, and presents a large collection of examples with
special attention to the influence of hyper-parameters in the methods behaviour.

» Weka 3: Data Mining Software (http://www.cs.waikato.ac.nz/ml/weka/) [66] is
a collection of machine learning algorithms for data mining tasks. In this thesis
we have intensively used Weka for experimental comparisons as well as data
pre-processing.
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ORDINAL REGRESSION

Summary. This chapter presents a review of the state of the art of ordinal
regression techniques, including a taxonomy proposal based on how the
models are constructed to take the order into account. Up to the authors
knowledge there are not similar reviews in this field.

Moreover, the chapter presents the mathematical notation generally used
for the rest of the thesis, with the exception of some sections.

Associated publications. Some portions of this chapter appeared in [19,
20, 40, 67]:

= PA. Gutiérrez, M. Pérez-Ortiz, F. Fernandez-Navarro, J. Sanchez-
Monedero, and C. Hervas-Martinez. An Experimental Study of Dif-
ferent Ordinal Regression Methods and Measures. In 7th Interna-
tional Conference on Hybrid Artificial Intelligence Systems, pages 296—
307, 2012.
http://dx.doi.org/10.1007/978-3-642-28931-6_29.

= M. Cruz-Ramirez, C. Hervads-Martinez, J. Sdnchez-Monedero, and
P.A. Gutiérrez. A Preliminary Study of Ordinal Metrics to Guide
a Multi-Objective Evolutionary Algorithm. In Proceedings of the 11th
International Conference on Intelligent Systems Design and Applications
(ISDA 2011), pages 1176-1181, Cordoba, Spain, 2011.
http://dx.doi.org/10.1109/ISDA.2011.6121818

s M. Cruz-Ramirez, C. Hervds-Martinez, J. Sanchez-Monedero and P.A.
Gutiérrez. Metrics to guide a multi-objective evolutionary algorithm
for ordinal classification. Neurocomputing. 2013 (Accepted)

Impact factor (JCR2012): 1.634

» Pedro Antonio Gutiérrez, Maria Pérez-Ortiz, ]. Sdnchez-Monedero,
and C. Hervéas-Martinez. Estudio comparativo de distintos métodos
de umbral en regresion ordinal. In IX Congreso Espafiol de Metaheuris-
ticas, Algoritmos Evolutivos y Bioinspirados - MAEB 2013, 2013.

3.1 INTRODUCTION

Learning to classify or to predict numerical values from prelabelled patterns is one
of the central research topics in machine learning and data mining [68, 69]. However,
less attention has been paid to ordinal regression (also called ordinal classification)
problems, where the labels of the target variable exhibit a natural ordering.
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For example, retrieving the weather prediction example of the introduction, the
following ordinal scale {Very cold, Cold, Mild, Hot, Very hot} represents an ordinal re-
gression problem since there is a natural order between classes: Very cold < Cold <
Mild < Hot < Very hot. Then a sample vector associated with class label Mild has a
higher label (or warmer temperature) than another from the Cold class, but Hot class
is warmer than both. Thereafter, class labels are embedded with order information.

Ordinal regression problems present two issues to be addressed: misclassification
costs are not the same for different errors (it is straightforward to think that predict-
ing class Hot when the real class is Cold represents a more severe error than that
associated with a Very cold prediction) and the ordering information can be used to
construct more accurate models. Thus, specialized measures are needed for evaluat-
ing ordinal classifiers performance [18][19].

A further distinction is made by Anderson [70], which differentiates two major
types of ordinal categorical variables, “grouped continuous variables” and “assessed
ordered categorical variables”. The first one is a discretized version of an underlying
continuous variable, which could be observed itself, e.g. if age or income are only
given in categories. The second one covers those variables where an expert or user
provides his judgement on the grade of the ordered categorical variable. However,
ordering is meaningful for both cases.

Ordinal regression problems are very common in many research areas, and they
have been frequently considered as standard nominal problems which can lead to
non-optimal solutions. Indeed, ordinal regression problems are between classifica-
tion and regression, presenting some similarities and differences. Some of the fields
where ordinal regression is found are medical research [4, 71—77], age estimation [78],
brain computer interface [79], credit rating [6, 80, 81], econometric modelling [82],
face recognition [83-85], wind speed prediction [5], facility layout design [86], social
sciences [87], and more. All these works (which will be further analysed later in
this chapter) are examples of application of specifically designed ordinal regression
models, where the ordering consideration improves their performance with respect
to their nominal counterparts. Additionally, a great research community is working
in the Information Retrieval (IR) field motivated by the huge amount of data avail-
able [88]. Several works of ordinal regression have been motivated by or applied
to IR. However, the two intrinsic properties of IR measures for ranking (query level
and position based) cannot be sufficiently considered when using ordinal regression
methods [88].

In statistics, ordinal data were firstly studied by using a link function able to model
the underlying probability for generating ordinal labels [70]. The field of ordinal
regression has evolved in the last decade, with noteworthy research progress made
in supervised learning [89], from Support Vector Machines formulations [33, 37] to
Gaussian processes [41] or discriminant learning [90], to name a few. However, to
our knowledge, the methods have not yet been categorized in a general taxonomy,
which is essential for further research and for identifying the developments made
and the present state of existing methods. This chapter contributes a review of the
state-of-the-art of ordinal regression and a taxonomy proposal to better organize the
advances in this field.

Strongly related to ordinal regression, multicriteria decision analysis (MCDA) is
an important field within operational research and is concerned with structuring and
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solving decision and planning problems involving multiple criteria. These methods
are able to support decision makers facing such problems. Typically, there does
not exist a unique optimal solution, and decision maker’s preferences are used to
differentiate between solutions.

While both classification and sorting refer to the assignment of a set of alternatives
into predefined groups, they differ with respect to the way that the groups are defined
[91]: classification refers to the case where the groups are defined in a nominal way,
and sorting refers to the case where the groups are defined starting from the most
preferred alternatives and going on to the least preferred ones. A recent literature
review [92] of the treatment of ordinal data in the field of MCDA includes the most
significant advances, as well as connections with artificial intelligence. This thesis
chapter focuses only on artificial intelligence approaches, so we refer to [92] for a
detailed review of MCDA methods.

Recently in [17], ordinal meta-models were compared with respect to their nomi-
nal counterparts to check their ability to exploit ordinal information. The work con-
cludes that such meta-methods do exploit ordinal information and may yield better
performance. Another recent study [93] argues that ordinal classifiers may not have
meaningful statistical advantage over corresponding non-ordinal counterparts, based
on accuracy and Cohen’s Kappa statistic [94]. Regarding both issues, experimental
results in this thesis reveals that specifically designed ordinal regression methods can
further improve the results with respect to meta-model approaches and with respect
to nominal classifiers (see experimental results in Section 5.4.7 in Chapter 5, Section
6.3.4 in Chapter 6 and Section 7.3.5 in Chapter 7). There are statistical significant
differences when using measures which take the order of the categories into account,
which is the case of the Averaged Mean Absolute Error (AMAE). The aforementioned
review paper submitted to a journal performs more extensive experiments including
more methods and datasets, and therefore it enforces these preliminary conclusions.

3.2 NOTATION AND NATURE OF THE PROBLEM
3.2.1 Problem definition

The ordinal regression problem consists on predicting the label y of an input vector
x, where x € X C RX and yeY={C,C,,...,Cp}, ie. xisina K-dimensional input
space and y is in a label space of Q different labels corresponding to the categories.
The objective is to find a classification rule or function f : X — ) to predict the labels
of new patterns, given a training set of N points, D = {(x;,y;),1 < i < N}. All these
considerations are common with standard nominal classification, but a natural label
ordering is included for ordinal regression, C; < C; < ... < Cgo, where < is an order
relation given by the nature of the classification problem. Many ordinal regression
measures and algorithms consider the rank of the label, i.e. the position of the label
in the ordinal scale, which can be expressed by the function O(-), in such a way that
O(C) =91<q<Q.

The difference between this setting and other related ones is now established. The
assumption of an order between class labels makes that two different elements of
Y can be always compared by using the relation <, which is not possible under
the nominal classification setting. If compared to regression (where y € R), it is
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true that real values in R can be ordered by the standard < operator, but labels in
ordinal regression (y € )) do not carry metric information, so the category serves as
a qualitative indication of the pattern rather than a quantitative one.

3.2.2  Ordinal regression in the context of ranking and sorting

Although ordinal regression has been paid attention recently, the amount of re-
lated research topics is worth to be mentioned. First, it is important to remark the
differences between ordinal regression and other related ranking problems. There
are three terms to be clarified:

» Ranking generally refers to those problems where the algorithm is given a set
of ordered labels [95], with one label for each pattern, and the objective is to
learn a rule that is able to rank patterns during the test phase by using this
discrete set of labels. The induced ordering should be partial with respect to
the patterns, in the sense that ties are allowed (two patterns with the same label).
This rule should be able to obtain a good ranking, but not to classify patterns in
the correct class. For example, if the labels predicted by a classifier are shifted
one category (in the ordinal scale) with respect to the actual ones, the classifier
will still be a perfect ranker.

= Another term, sorting [95] is referred to the problem where the algorithm is
given a total order for the training dataset and the objective is to rank new sets
during the test phase. As we can see, this is equivalent to a ranking problem
where the size of the label set is equal to the number of training points, Q = N.
Ties are not allowed for the prediction. Again, the interest is in learning a
function that can give a total ordering of the patterns instead of a concrete
label.

= The multipartite ranking problem (which is a generalization of the well know
bipartite ranking one) deserves special attention. This kind of problem can be
seen as an intermediate point between ranking and sorting. It is similar to
ranking because training patterns are labelled with one of Q ordered ratings
(Q = 2 for bipartite ranking), but here the goal is to learn from them a ranking
function able to induce a total order in accordance with the given training rat-
ings [96—99], which is similar to the sorting setting. The relationship between
multipartite ranking and ordinal classification is discussed in [99]. An ordinal
regression classifier can be used, of course, as a ranking function by interpret-
ing the class labels as scores. However, this type of scoring will produce a large
number of ties (which is not desirable for multipartite ranking). On the other
hand, a multipartite ranking function f(-) can be turned into an ordinal classi-
fier by deriving thresholds to define an interval for each class, but how to find
the optimal thresholds is an open issue.

A more general term which is learning to rank, gathering different methods in which
the goal is to automatically construct a ranking model from training data [88]. In this
context, we refer now to the work of Lin and Li [31], which establishes different fam-
ilies of ranking model structures: pointwise or itemwise ranking (where the relevance
of an input vector x is predicted by using either real-valued scores or ordinal-valued
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labels), pairwise ranking (where the relative order between two input vectors x and x’
tries to be predicted, i.e. the local comparison nature of ranking, which can be easily
cast to binary classification) and listwise ranking (where the algorithms try to order
a finite set of patterns S = {x1,xp, ..., Xy} by minimizing the inconsistency between
the predicted permutation and the training permutation [88]). Both pairwise and
listwise structures have serious problems of scalability with the size of the training
dataset, and many works focus on trying to alleviate them [24, 100, 101]. However, in
some cases, this can result in the loss of data information [31].

In summary, ordinal regression is a pointwise approach to classify data, where the
labels exhibit a natural order. It is related to the problems of ranking, sorting and
multipartite ranking, but, during the test phase, its objective is to obtain correct labels
or ones as close as possible to the correct ones, not a correct relative partial order of
the patterns (ranking), a total order of patterns in accordance to the order of the
training set (sorting) or a total order in accordance to the training labels (multipartite
ranking).

3.2.3 Advanced related topics

Additionally, there are other topics related to ordinal regression which have re-
cently been studied:

= Monotonic classification [102—104] is a special class of ordinal classification task,
where there are monotonicity constraints between features and decision classes,
ie. x = xX' = f(x) > f(xX') [105], where x > x’ means that x dominates X/, i.e.
X > x;{, 1 < k < K. Monotonic classification tasks are very common in real-
world life [103] (for example, consider the case where employers must select
their employees based on their education and experience), where monotonicity
may also be an important model requirement for justifying the decision made
and it can be required both for binary or multiclass classifiers. This kind of prob-
lem has been approached, for example, by decision trees [103, 106] and rough
set theory [104]. Feature selection has also been evaluated in monotonic clas-
sification [102], and a statistical framework for classification with monotonicity
constraints has been recently proposed [105].

= A recent work is concerned with transductive ordinal regression [89], where a
SVM model is derived to learn from a set of labelled and unlabelled patterns.

» Uncertainty has been included in ordinal regression models in two different
ways. Nondeterministic ordinal classifiers (defined as those allowed to predict
more than one label for some entries of an input space) are considered in [107].
In [35] a kernel model is proposed for those ordinal problems where partial
class memberships probabilities are available instead of crisp labels.

= One step forward [108] considers those problems where the prediction labels
follow a circular order (e.g. directional predictions).

All these works are outside the scope of this thesis.
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3.2.4 Ordinal regression performance metrics

In this thesis, we mainly utilize four evaluation metrics quantifying the accuracy
of N predicted ordinal labels for a given dataset {1, 7>, ...,Jn}, with respect to the
true targets {y1,v2,...,yn}:

= Acc: the accuracy (Acc), also known as Correct Classification Rate, is the rate of
correctly classified patterns:

1N
Acc = = Ji = yil,
o=y 1l = v

where y; is the true label, §; is the predicted label and [c] is the indicator func-
tion, being equal to 1 if c is true, and to 0 otherwise. Acc values range from 0 to
1 and they represent a global performance on the classification task. Although
Acc is widely used in classification tasks, is it not suitable for some type of
problems, such as imbalanced datasets [109] (very different number of patterns
for each class) or ordinal datasets [23]. The Acc can be expressed as an error,
the Mean Zero-one Error (MZE), which is the fraction of incorrect predictions
on individual samples:

1Y
MZE = 3} 1 (§i # yi) -
i=1

On the other hand, there are other product-moment ordinal metrics specifically
used in ordinal classification:

s MAE: The Mean Absolute Error (M AE) is the average absolute deviation of the
predicted labels from the true labels [23]:

1 N
MAE = ;e(xi),

where e(x;) = |O(y;) — O(9;)|- The MAE values range from 0 to Q — 1. Since
Acc does not reflect the category order, MAE is typically used in the ordinal
classification literature together with Acc [18, 30, 33, 41, 110, 111]. However,
neither Acc nor MAE are suitable for problems with imbalanced classes. This
is rectified e.g. in the average MAE (AMAE) [23] measuring the mean perfor-
mance of the classifier across all classes.

» AMAE: This measure evaluates the mean of the M AEs across classes [23]. It
has been proposed as a more robust alternative to MAE for imbalanced datasets
— a very common situation in ordinal classification, where extreme classes (as-
sociated with rare situations) tend to be less populated. AMAE is defined as:

1 &1 4

1 8L
AMAE = —=) MAE, =—=) —) e(x),
Q; ’ QE”J'E(')

where AMAE values range from 0 to Q — 1 and #; is the number of patterns in
class j.



3.2 NOTATION AND NATURE OF THE PROBLEM

Finally association metrics are presented, which are also used in ordinal classifica-
tion:

» rs: The Spearman’s rank correlation coefficient is a non-parametric measure of
statistical dependence between two variables [112]:

>:11<<> <>><<> <>> ,
T /I (0 — 0GP (0 - 0G)

where O(y) and O(7) are the average of O(y;) and O(y;), i = 1,..., N, respec-
tively. Recall that O(C;) = g. rs values range from —1 to 1.

s WKappa: The Weighted Kappa is a modified version of the Kappa statistic
calculated to allow assigning different weights to different levels of aggregation
between two variables [113]:

. Po(w) = Pe(w)

WKappa = ,
PP 1- Pe(w)
where
1 Q
Pow) = Z wa”w'
g=1j=1
and

Pe(w) N2 Z Z WajTgelej,
9=1j=1
where the weight w,; = |g — j| quantifies the degree of discrepancy between the
true (g) and the predicted (j) categories, and WKappa values range from —1 to
1.

= 7,: The Kendall’s T, is a statistic used to measure the association between two
measured quantities. Specifically, it is a measure of the rank correlation [114]:

Zz] 1 CZ]CZ]
\/le 1C1] Zl] 1C1]

where ¢;; is +1 if J; is greater than (in the ordinal scale) §;, 0 if §; and 7; are the
same, and —1 if §; is lower than §j;, and the same for c;; (using y; and y;). T
values range from —1 (maximum disagreement between the prediction and the
true label), to 0 (no correlation between them) and to 1 (maximum agreement).
T, has been advocated as a better measure for ordinal variables because it is
independent of the values used to represent classes [115] since it works directly
on the set of pairs corresponding to different observations.

While the 1, metric is independent on the values chosen for the ranks that represent
the classes, MAE, AMAE, rs and WKappa depend on the distance between ranking
of two consecutive classes. However, for the association metrics ( rs, WKappa and 1,),
one may argue that shifting the predictions one class would will keep the same mea-
sure value whereas the quality of the ordinal classification is lower. However, note
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Figure 3.1: Proposed taxonomy for ordinal regression methods

that since there is a finite number of classes, shifting all predictions by one class will
have detrimental effect in the boundary classes and so would substantially decrease
the performance, even as measured by the association metrics. As a consequence,
the association metrics are still an interesting measure for ordinal classification but
should be used in conjunction with other ones.

3.3 AN ORDINAL REGRESSION TAXONOMY

In this section, a taxonomy of ordinal regression methods is proposed. With this
purpose, we firstly review what have been referred to as naive approaches, in the
sense that the model is obtained by using other standard machine learning predic-
tion algorithms (e.g. nominal classification or standard regression). Then, binary
decomposition approaches are reviewed, the main idea being to decompose the or-
dinal problem into several binary ones, which are separately solved by multiple or
a single model. The next group will include the set of methods known as threshold
models, which are based on the general idea of approximating a real value predictor
and then dividing the real line into different intervals. Finally, augmented binary clas-
sification techniques decompose the ordinal regression problem into a single binary
classification one, but extending the dataset with new input variables and weights.
The taxonomy proposed is given in Figure 3.1.

3.3.1 Naive approaches

Ordinal regression problems can be easily simplified into other standard problems,
which generally involves making some assumptions. As will be later discussed, these
methods can be very competitive given that, even though these assumptions may not
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hold, the methods inherit the performance of very well-tuned models. The following
methods can be found in the literature:

3.3.1.1 Regression

One very simple idea to tackle ordinal regression is to cast all the different labels
{C1,Cy,...,Cq} into real values {ry,12,...,rq} [116], where r; € R, and then to
apply standard regression techniques [9, 117, 118] (least square regression, neural
networks, support vector regression...). Typically, the value of each label is related
to its position in the ordinal scale, i.e. r; = i. For example, Kramer et al. [25, 119] map
the ordinal scale by assigning numerical values, applying a regression tree model and
rounding the results for assigning the class when predicting new values. They also
evaluate the possibility of using the median, the mode, or the rounded mean of all
the patterns in the leaves of the tree. The main problem with these approaches is
that real values used for the labels may hinder the performance of the regression
algorithms, and there is no principled way of deciding the value a label should have
without prior information about the problem, since the distance between classes is
unknown. Moreover, regression learners will be more sensitive to the representation
of the label rather than its ordering [120].

3.3.1.2 Nominal classification

Ordinal classification problems are usually considered from a standard nominal
perspective (e.g. by using standard support vector classifiers [121]), and the order be-
tween classes is simply ignored. Some researchers routinely apply nominal response
data analysis methods (yielding results invariant to the permutation of the categories)
to both nominal and ordinal target variables alike because they are both categorical
[122]. Nominal classification algorithms completely ignore the ordering of the la-
bels by treating them as independent classes, thus requiring more training data in
general [120]. The Support Vector Machines paradigm is perhaps the most common
kernel learning method for statistical pattern recognition. Beyond the application of
the kernel trick to allow nonlinear decision discriminants, and the slack-variables to
avoid inseparability, relax the constraints and handle noisy data, the original binary
SVM had to be reformulated to deal with multiclass problems [123]. The study in
this chapter compares two of the most commonly used approaches for solving this
problem: the OneVsAll and the pairwise (or OneVsOne) formulations.

3.3.1.3 Cost sensitive classification

A more advanced method that can be considered in this group is cost-sensitive
learning, which is indeed closely related to ordinal regression. Many real-world ap-
plications of machine learning and data mining require the evaluation of the learned
system with different costs for different types of misclassification errors [124, 125] (in
fact, cost-sensitive classification can be used to express any finite-choice and bounded-
loss machine learning problem [126]). This is the case with ordinal regression, al-
though the exact costs for misclassification are generally unknown. The cost of mis-
classifications can be forced to be different depending on the distance between real
and predicted classes, in the ordinal scale. The work of Kotsiantis and Pintelas [26]
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Table 3.1: Example of different cost matrices.

Zero-one Absolute cost Quadpratic cost
01111 012 3 4 0 1 4 9 16
10111 1 01 2 3 1 01 4 9
11011 2 101 2 4 1 0 1 4
11101 3 2101 9 41 0 1
11110 4 3 210 16 9 4 1 0

considers cost-sensitive classification to solve ordinal regression, by using absolute
costs (i.e. the element ¢;; of the cost matrix C is equal to the difference in number of
categories, c;j = [i — j|). C4.5, PART and 3-NN algorithms are shown to obtain better
MAE values when cost matrices are used, without harming (in fact even improving)
accuracy [26]. Two cost matrices for a five class problem are given in Table 3.1, includ-
ing the absolute cost matrix and that of quadratic cost (c;j = [i — j|%), together with
a zero-one cost matrix, which is the one assumed in nominal classification. Other
possibilities are to choose asymmetric costs or non-convex two-Gaussian cost [31].
Again, the main problem is that, without a priori knowledge of the problem, it is not
clear which cost matrix is more suitable for the problem.

3.3.2 Binary decompositions

This group includes all those methods which are based on decomposing the or-
dinal target variable into several binary ones, which are then estimated by a single
or multiple models. A summary of the decompositions is given in Table 3.2, where
five classes are considered, each method generating a different decomposition ma-
trix. Columns of the matrix correspond to the binary subproblems and rows to the
role of each class for each subproblem. The symbol + is associated to the positive
class and the symbol — to the negative one. If the class is not used in the specific
binary subproblem, no symbol is included in the corresponding position. OneVsAll
and OveVsOne formulations are not related to ordinal regression, but they have been
included for comparison purposes. Note the high number of binary decompositions
needed by OneVsOne (all the 2-combinations taken from Q, in this case, 10 combina-
tions).

Two main issues have to be taken into account when analysing the methods herein
presented:

= Some of them are based on the idea of training a different model for each
subproblem (multiple model approaches), while others learn one single model for
all the subproblems.

= Apart from defining how to decompose the problem, it is important to define
a rule for predicting new patterns, once the decision values for each subprob-
lem are obtained. For the prediction phase, the corresponding binary codes of
Table 3.2 (rows representing each class) can be considered as part of the error-
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Table 3.2: Binary decompositions for a 5-class ordinal problem.

Nominal decompositions

OneVsAll OneVsOne
+, === T T T
-+, === + ==
- =+, == T R T e e
— ==+, = P I e
— ==, =+ P T T s o o

Ordinal decompositions

OrderedPartitions OneVsNext  OneVsFollowers OneVsPrevious

—r =y = s = s +,+,+,+
+, === +, = +, = +,+,+, -
+,+,— - ;= +,+,—, +,+, =
+,+,+, - Ve +,+,+, - +, =
+,+,+,+ ;0 st +,+,+,+ s

correcting output codes framework [127], considering that the final predicted
class is the one closest to the predicted code form by all binary responses.

Taking the first criterion into account, we have divided binary decomposition algo-
rithms into multiple model and single model approaches.

3.3.2.1  Multiple model approaches

Ordinal information gives us the possibility of comparing the different labels. For
a given rank k, a direct question can be the following, “is the label of pattern x
greater than k?” [31]. This question is clearly a binary classification problem, so
ordinal classification can be solved by considering each binary classification problem
independently and combining the binary outputs into a label, which is the approach
followed by Frank and Hall in [27] (this decomposition is called OrderedPartitions in
Table 3.2). In their work, Frank and Hall considered C4.5 as the binary classifier
and the decision of the different binary classifiers were combined by using associated
probabilities p; = P(y = Cy[x),1 < g < Q-1

P(y:C1|X)% 1—}91,

Ply=Clx)~ pg-1-py 259=Q-1,

Py=Colx) = po-1.
Note that this approach may lead to negative probability estimates [29], given that bi-
nary classifiers are independently learned and nothing assures that p; 1 < p;. When

there is no need for proper probability estimations, prediction can be done by select-
ing the maximum.
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In the work of Waegeman et al. [28], this framework is used but explicit weights
over the patterns of each binary system are imposed, in such a way that errors on
training objects are penalized proportionally to the absolute difference between their
rank and k. Additionally, labels for the test set are obtained by combining the es-
timated outcomes y, of all the Q — 1 binary classifiers. The interpretation of these
binary outcomes y,; € {+1,-1},1 < g < (Q—1),1 < i < N, intuitively leads
to y; = C; if y; = 1. In this way, the rank k is assigned to pattern x; so that
Y = —1,Vq < k, and y,; = 1,Vq > k. As stated by the authors, this strategy can
result in ambiguities for some test patterns, and they should be solved by using tech-
niques similar to those considered for multiclass classification. A very similar scheme
to [28] is proposed in [78], where the weights are obtained slightly differently, and
different kernels are used for the different binary classification sub-problems. The
promising accuracy obtained can be related to the selection of different kernels for
each subproblem. Finally, the OrderedPartitions decomposition is also followed by the
Bayesian hierarchical experts approach in [128].

Other binary decompositions can be found in the literature. The cascade linear
utility model is used in [129], which considers Q — 1 projections, in such a way that
projection g separates classes C; U...UCq_;-1 from class Cg_, i.e. one class is elim-
inated for each projection (this is the OneVsPrevious decomposition in Table 3.2). The
predictions are then combined by using a union utility function. Finally, binary sup-
port vector machines were also applied to ordinal regression [6] by making use of the
ordinal pairwise partitioning approach [8o]. This approach is composed of four dif-
ferent reformulations of the classical OneVsOne and OneVsAll paradigms. OneVsNext
approach considers that each binary classifier g separates class C; from class Cy1,
and OneVsFollowers (which is similar to the OneVsPrevious approach in [129] but in
the opposite direction) constructs each binary classifier g for the task of separating
class C; from classes C;11 U...UCq. The prediction phase is then approached by
examining each binary classifier in order, so that, if a model predicts that the pattern
is in the class which is isolated (not grouped with other classes), then this is the class
predicted by the group of classifiers. If not, the pattern is evaluated by the next classi-
fier, until one class is predicted. This can be done in a forward manner (starting with
the first model and going forwards) or in a backward manner (starting with the last
one and going backwards), both possibilities being evaluated in [6]. Without prior
knowledge of the problem, it is not possible to know which one of these strategies
(backwards or forwards) performs better.

Finally, another possibility [77] is to derive a classifier for each class but separating
the labels into groups of three classes (instead of only two) for intermediate subtasks
(labels lower than C;, label C;, and labels higher than C,), or two classes for the
extreme ones. The objective is to incorporate the order information in the subclas-
sification tasks. Although the decomposition for intermediate classes is not binary
but ternary, this approach has been included in this group because its motivation is
similar to all the aforementioned.

3.3.2.2  Single model approaches

Among non-parametric models, one appealing property of neural networks is that
they can handle multiple responses in a seamless fashion [47]. Usually, as many



3.3 AN ORDINAL REGRESSION TAXONOMY

output neurons as the number of target variables are included in the output layer
and targets are presented to the network in the form of vectors t;,1 < i < N (see
Section 2.2.6 in Chapter 2). When applied to nominal classification, the most usual
approach is to consider a 1-of-Q coding scheme [9], i.e. t; = {ti1,...,tig}, tiy = 1if
x; corresponds to an example belonging to class C;, and t;; = 0 (or t;; = —1), oth-
erwise. In the ordinal regression framework, one can take the ordering information
into account to design specific ordinal target coding schemes, which can improve the
performance of the methods. Indeed, all the decompositions in Table 3.2 can be used
to train neural networks, by taking each row as the code for the target class, t;, and
a single model will be obtained for all related subproblems (considering that each
output neuron is solving each subproblem). This can be done by assigning a number
to the different symbols in Table 3.2. For sigmoidal output neurons, a 1 is assigned
for positive symbols (+) and a 0 for negative ones (—). For hyperbolic functions,
negative symbols are represented with a —1 and positive ones also with a 1. Those
decompositions where a class is not involved should be treated as a “does not matter”
condition where, whatever the output response, no error signal should be generated
[130]. Again, how to perform the predictions after training the network is an open
issue, and different proposals have been made.

A generalization of ordinal perceptron learning [38] in neural networks was pro-
posed in [131]. The method is based on two main ideas: 1) the targets are coded
using the OrderedPartitions approach; and 2) instead of using the softmax function [9]
for the output nodes, a standard sigmoid function is imposed for each output node,
and the category assigned to a pattern is equal to the index previous to that of the
first output node whose value is smaller than a predefined threshold T (e.g., T = 0.5),
or when no nodes are left. This method ignores inconsistencies in the predictions (i.e.
a sigmoid with value higher than T after the index selected).

Extreme Learning Machines (ELMs) are single-layer feed-forward neural networks,
where the hidden layer does not need to be tuned given that corresponding weights
are randomly assigned. ELMs have demonstrated good scalability and generalization
performance with a faster learning speed when compared to other models such as
SVMs [132]. They have been adapted to ordinal regression [133], and one of the pro-
posed ordinal ELMs also considers OrderedPartitions targets. Additionally, multiple
models are also trained using the OneVsOne and the OrderedPartitions approaches. For
the prediction phase, the loss-based decoding approach [127] is utilized, i.e. the cho-
sen label is that which minimizes the exponential loss, k = arg min;<;< di. (Mg, y(x))
where M, is the code associated to class g (g-th row of the coding matrix), y(x) is the
vector of predictions, and di. (Mg, y(x)) is the exponential loss function:

Q
d (Mg, y(x)) = ;eXp (—Mgi - yi(x)) -

The values of the vector y(x) are assumed to be in the [—1,+1] range, and those of
M, in the set {—1,0,+1}. The single ELM was found to obtain slightly better gen-
eralization results and also to report the lowest computational time [133]. The ELM
algorithm is covered with more details in Chapter 4, and its evolutionary version is
extended in several ways for dealing with imbalance issues also in Chapter 4. More-
over the ordinal ELM is extended in Section 5.2 to consider the order in the training
algorithm.

~
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Costa [130] followed a probabilistic framework to propose another neural network
architecture able to exploit the ordinal nature of the data. The proposal is based
on the joint prediction of constrained concurrent events, which can be turned into
a classification task defined in a suitable space through a “partitive approach”. An
appropriate entropic loss is derived for P()), i.e. the set of subsets of ), where ) is
a set of Q elementary events. A probability for each possible subset should be esti-
mated, leading to a total of 29 probabilities. However, depending on the classification
problem, not all possibilities should be examined. For example, this is simplified for
random variables taking values in finite ordered sets (i.e. ordinal regression), as well
as in the case of independent boolean random variables (i.e. nominal classification).
To adapt neural networks to the ordinal case structure, targets are reformulated fol-
lowing the OneVsFollowers approach and the prediction phase is now accomplished
by considering that, under its constrained entropic loss formulation, the output of
the g-th output neuron estimates the probability that g and g — 1 events are both true.
This methodology was further evaluated and compared in other works [18, 29, 134].

Although all these neural network approaches consist of a single model, they are
trained independently in the sense that the output of one neuron does not depend
on the others (only on common nonlinear transformations of the inputs). That is the
reason why we have included them into the category of binary decompositions.

3.3.3 Threshold models

Often, in the ordinal regression paradigm, it is natural to assume that an unob-
served continuous variable underlies the ordinal response variable. Such a variable
is called a latent variable. Latent variable models or threshold models are probably
the most important type of ordinal regression models [33, 35, 135, 136]. These mod-
els consider the ordinal scale as the result of coarse measurements of a continuous
variable, called the latent variable. It is typically assumed that the latent variable is
difficult to measure or cannot be observed itself [35]. The threshold model can be
represented with the following general expression:

C], If g(X) S 91,

C,, if 0 < g(X) < 6,, (3 1)

f(x,8) =
CQ, if g(x) > GQ_l,
where ¢ : X — R is the function that projects data space onto the 1-dimensional
latent space Z C R and 0; < 0,... < 01 are the thresholds that divide the space
into ordered intervals corresponding to the classes.
Then, these methodologies estimate:

= A function f(x) that tries to predict the nature of those underlying real-valued
outcomes.

= A set of thresholds 6 = (01,60,,...,600-1) € RP! to represent intervals in the
range of f(x), which must satisfy the constraints 6; < 6, < ... <0g_1.

Generally, these models simultaneously estimate a projection function (similar to the
ranking function to be learned by multipartite algorithms) and the best thresholds
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for the ordinal classification task considered. However some methods, such as the
proposed in Chapter 5 do not include the thresholds in the optimization problem,
but they are adjusted and fixed independently.

3.3.3.1 Discriminative Models

Discriminative models estimate directly the posterior P(y|x), or learn a function to
map the input x to class labels.

CUMULATIVE LINK MODELS. Arising from a statistical background, the Propor-
tional Odds Model (POM) is one of the first models specifically designed for ordinal
regression [36], dated back to 1980. It is a member of a wider family of models rec-
ognized as Cumulative Link Models (CLMs) [137]. In order to extend binary logistic
regression to ordinal regression, CLMs predict probabilities of group of contiguous
categories, taking the ordinal scale into account. In this way, cumulative probabilities
P(y = Cj|x) are estimated, which can be directly related to standard probabilities:

P(y < Cylx) = P(y = Cifx) + ...+ P(y = Cyx),
P(y = Cylx) = P(y < Cylx) — P(y < Cy1]x),

with 1 < g < Q and considering by definition that P(y < Cg|x) = 1. Stochastic
ordering of space X is satisfied by the following general model form [37]:

g (Ply=Cylx) =6, —w'x,1<g<Q,

where ¢7! : [0,1] — (—o0,+0) is a monotonic function often referred to as the
inverse link function and 6, is the threshold defined for class C;. This model is
clearly inspired by the latent variable motivation, considering that f(x) = w'x is
a linear transformation. A decision rule f : X — ) is not fitted directly. If the
ordinal response is a coarsely measured latent continuous variable f(x), label C, in
the training set is observed if and only if f(x) € [#;_1,6,], where the function f (latent
utility) and © = (6o, 01, ...,6g_1,6) are to be determined from the data. It is assumed
that fp = —co and 6y = +oo, so the real line, defined by f(x),x € &, is divided into Q
consecutive intervals. Each region separated by two consecutive biases corresponds
to a category C;. The constraints §; < 6, < ... < 6g_q ensure that P(y < C;[x)
increases with g [138].

Suppose a model of the latent variable, f(x) = w’x + €, where € is the random
component with zero expectation, E[e] = 0, distributed according to F. If a distribu-
tion assumption F, is made for €, the cumulative model is obtained by choosing the
inverse distribution F. ! as the inverse link function ¢g~!. The most common choice
for the distribution of € is the logistic function (which is indeed the one selected for
the POM [139]), although probit, complementary log-log, negative log-log or cauchit
functions could also be used [137]. As will be seen, all the models in this section are
inspired by the POM in the strategy assumed, obtaining a projection and dividing
this projection into different ordered intervals, which are associated with ordered cat-
egories. This projection can be used to obtain more information about the confidence
of the predictions by relating it to its proximity to the biases. Additionally, the POM
model provides us with a solid probabilistic interpretation.
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Focusing on the POM model [139], the distribution of € is assumed to be the stan-
dard logistic function:

~—

P(ijq|x> T
== ") =0,—w'x,
<P(y>Cq|x) i

TX),

g (P(y 2 Glx)) =In
odds(y = Cy|x) = exp(6; —w

for 1 < g < Q — 1. Consequently, the ratio of the odds for two different pattens xg
and x; are proportional:

odds(y = Cy|x1)

_ _wl _
OddS(yj Cq’XO) —exp( w(x Xo)).

More flexible non-proportional alternatives have been developed, one of them simply
assuming different w for each class (which is known as the generalized ordered logit
model [140]), and another applying the proportional odds assumption only to a sub-
set of variables (partial proportional odds [141]). This second model is extended in a
recent work [87], allowing the effects of a subset of variables to vary across threshold
equations by a common factor. Moreover, Tutz [142] presented a general framework
for parametric models that extends generalized additive models to incorporate non-
parametric parts, which are fitted by maximizing penalized log-likelihood.

Another main problem with linear CLMs is that they are rather inflexible since
the decision functions are always linear hyperplanes, this generally affecting the per-
formance of the model. A nonlinear version of the POM model was proposed in
[82, 138] by simply setting the projection f(x) to be the output of a neural network.
The probabilistic interpretation of CLMs can be used to apply a maximum likelihood
maximization for setting the network parameters. Gradient descent techniques with
proper constraints for the biases serve this purpose. This nonlinear generalization
of the POM model based on neural networks was considered in [143], where an
evolutionary algorithm was applied to optimize all the parameters considered. Lin-
ear ordinal logistic regression was combined with nonlinear kernel machines using
primal-dual relations from Nystrom sampling [144]. However, to make the compu-
tation of the model feasible, a sub-sample from the data had to be selected, which
limits the applicability to those cases where there is a reasonable way to do this [144].

SUPPORT VECTOR MACHINES. Because of their good generalization performance,
SVM models are maybe the most widely applied ones to ordinal regression, their
structure being easily adapted to that of threshold models. The proposal of Herbrich
et al. [8, 37] is the first SVM based algorithm, but they consider a pairwise approach
by deriving a new dataset made up of all possible difference vectors xfj = x; — xj and
yij = sign (O(yi) — O(y;)), with y;,y; € {Cy,...,Cq}. In contrast, all the SVM point-
wise approaches share the common objective of seeking Q — 1 parallel discriminant
hyperplanes, all of them represented by a common vector w and the scalars biases
01 < ... < 6g_1 to properly separate training data into ordered classes. In this sense,
several methodologies for the computation of the pairs (w,6;),...,(w,0o_1) can be
considered. The work of Shashua and Levin [145] introduced two first methods: the
maximization of the margin between the closest neighbouring classes and the maxi-
mization of the sum of margins between classes. Both approaches present two main
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problems [29]: the model is incompletely specified, because the thresholds are not
uniquely defined, and they may not be properly ordered at the optimal solution,
since the inequality 6; < 6, < ... < 6p_1 is not included in the formulation.

Consequently, Chu and Keerthi [33, 39] proposed two different reformulations for
the same idea, solving the problem of unordered thresholds at the solution. On
the one hand, they impose explicit constraints on the optimization problem, only
considering adjacent labels for threshold determination (Support Vector Ordinal Re-
gression with explicit constraints (SVOREX)). On the other hand, patterns in all the
categories are allowed to contribute errors for each hyperplane (Support Vector Ordi-
nal Regression with implicit constraints (SVORIM)), which, as they prove [33], leads
to automatically satisfied constraints in the optimal solution. They empirically found
that SVOREX performed better in terms of accuracy (with a more local behaviour),
and SVORIM preceded in terms of absolute deviations in number of classes or MAE
(with a more global behaviour), and this is justified theoretically based on the loss
minimized for each method. The framework of reduction [31] also explains this from
the point of view of the cost matrices selected. Their idea was reformulated in [146],
as the search of concentric spheres with minimum volume, so an instance of the g-th
category lies inside the sphere of radius R; and outside the sphere of radius R; 1.
Generalization properties for some ordinal regression algorithms, including these
SVM approaches, were further studied in [147], this study then extended by Xu et al.
focusing on the strong and weak stability of ordinal regression algorithms [148].

In [149], the errors of an ordinal SVM classifier are studied separately depending
on whether they correspond to upgrading errors (predicted label higher than the
actual one) or downgrading ones (the predicted label being lower than the actual
one). Authors address the two-objective problem of finding a classifier maximizing
simultaneously the two margins, and they show that the whole set of Pareto-optimal
solutions can be obtained by solving one quadratic optimization problem and then
letting the thresholds vary in an appropriate range.

Some recent works focused on solving the bottleneck of these SVM proposals,
which is usually the high computational complexity to handle larger datasets. Con-
cerning this topic, two different proposals can be distinguished: block-quantized
support vector ordinal regression [150] and ordinal-class core vector machines [151].
The former is based on performing kernel k-means and applying SVOR in the cluster
representatives, on the idea of approximating the kernel matrix K by K which will
be composed of k? constant blocks, in such a way that the problem scales with the
number of clusters, instead of the dataset size. The latter is an extension of core vec-
tor machines [152] in the ordinal regression setting. In that sense, the formulation of
the problem as a minimum enclosing ball problem in the feature space allows linear
asymptotic time complexity with the number of training patterns, while the space
complexity is independent of the number of training patterns.

DISCRIMINANT LEARNING. Discriminant learning has also been reformulated to
tackle ordinal regression [9o0]. Discriminant analysis is usually not considered as a
classification technique by itself, but rather as a supervised dimensionality reduction.
Nonetheless, it is widely used for that purpose, since, as a projection method, the def-
inition of thresholds can be used to discriminate the classes. In general, to allow the
computation of the optimal projection for the data, this algorithm analyses two main
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objectives: the maximization of the between-class distance, and the minimization of
the within-class distance, by using variance-covariance matrices and the Rayleigh co-
efficient. In order to reformulate the algorithm for ordinal regression, a minimum
separation constraint is imposed on the closest projections of points of contiguous
pairs of classes in the ordinal scale, which leads the algorithm to order projected pat-
terns according to their label. This will preserve the ordinal information and avoid
some serious ordinal misclassification errors. The methodology is known as Kernel
Discriminant Learning for Ordinal Regression (KDLOR) [76, 9o]. The authors claim
that, compared with the SVM based methods, the KDA approach takes advantage of
the global information of the data and the distribution of the classes, and also reduces
the computational complexity of the problem.

The method was extended [153, 154] based on the idea of preserving the intrin-
sic geometry of the data in the embedded nonlinear structure, i.e. in the induced
high-dimensional feature space, via kernel mapping. This consideration is the basis
of manifold learning [9], and the algorithms mentioned construct a neighbourhood
graph (which takes the ordinal nature of the dataset into account) and make use
of a graph search algorithm for computing the shortest path between two pairs of
patterns, a distance that will subsequently be used in the generalized radial basis
function, thus inducing and preserving data structure in kernel mapping. A related
method is proposed in [155], where several different projections are iteratively de-
rived.

PERCEPTRON LEARNING. PRank [32, 38] is a perceptron online learning algorithm
with the structure of threshold models. It was then extended by approximating the
Bayes point, what provides good performance for generalization [120]. A kernelized
generalization was proposed in [156], where the key difference was that the predic-
tion problems for different patterns were coupled through the use of joint kernel
functions.

3.3.3.2 Generative Models

Generative models learn a model of the joint probability P(x,y) of input patterns
x and label y, and make the prediction by a Bayesian framework to estimate P(y|x).

GAUSSIAN PROCESSES. Gaussian Processes for Ordinal Regression (GPOR) [41]
models the latent variable f(x) using Gaussian Processes, to estimate then all the
parameters by means of a Bayesian framework. The values of the latent function f(x;)
are assumed to be the given by random variables indexed by their input vectors in
a zero-mean Gaussian process. Mercer kernel functions approximate the covariance
between the functions of two input vectors. Given the latent function f, the joint
probability of observing the ordinal variables is

N
P(D|f) ZHP(yi\f(Xi))/

and the Bayes theorem is applied to write the posterior probability

N

P(fID) = 57 LT PAF ()P (F).
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3.3 AN ORDINAL REGRESSION TAXONOMY

A Gaussian noise with zero mean and unknown variance ¢? is assumed for the la-

tent functions. The normalization factor P(D), more exactly P(D|0), is known as
the evidence for the vector of hyperparameters 6 and is estimated by two different
approaches in the paper: a Maximum a Posteriori approach with Laplace approxima-
tion and an Expectation Propagation with variational methods.

A more general GPOR was then proposed to tackle multiclass classification prob-
lems but with a free structure of preferences over the labels [157]. A probabilistic
sparse kernel model was proposed for ordinal regression in [158], where a Bayesian
treatment was also employed to train the model. A prior over the weights governed
by a set of hyperparameters was imposed, inspired by the well known relevance
vector machine.

3.3.3.3 Ensembles

From a different perspective, the confidence of a binary classifier can be regarded
as an ordering preference. RankBoost [101] is a boosting algorithm that constructs an
ensemble of those confidence functions to form a better ordering preference. Some
efforts were made to apply a similar idea for ordinal regression problems, deriving
into OR.Boost [159]. The corresponding thresholded-ensemble models inherit the
good properties of ensembles, including more stable predictions and sufficient power
for approximating complicated target functions [160]. The model is composed of
confidence functions, and their weighted linear combination is used as the projection
f(x). Large margin bounds of the error were also obtained [159].

The previous ensembles are based on using binary classifiers with confidence val-
ues as the base learners. With a different perspective, the well-known AdaBoost algo-
rithm was recently extended to improve any base ordinal regression algorithm [161].
The extension, AdaBoost.OR, proved to inherit the good properties of AdaBoost, im-
proving both the training and test performance of existing ordinal classifiers.

3.3.4 Augmented binary classification

Although the approaches in Subsection 3.3.2 are simple to implement, their gener-
alization performance cannot be analysed easily. The two methods included in this
subsection work in different ways.

A reduction framework (RED) can be found in the works of Li and Lin [30], Lin
and Li [31], where ordinal regression is reduced to binary classification, applying
three main steps:

1. Given a coding matrix M of (Q — 1) rows, input patterns (x;, y;) are transformed
into extended binary patterns by replicating them, (x(q), yfq)), with:

X" = (xi,mg), v = 2[g > O] - 1,

where1 <g<Q -1, my is the g-th row of M and [-] is a Boolean test which is
1 if the inner condition is true, and 0 otherwise. Q — 1 replicates of each pattern
are generated with the following weights:

wig = (Q—1)-|Coy,),q = Cowg+1l,
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Table 3.3: Extended binary transformation for three given patterns (xq1,y1 = C1), (X2, y2 =
C2), (x3,y3 = Cs), the identity coding matrix and the quadratic cost matrix.

(9)

1

i q Wiq X my yzgq)

Jo—1=2 x {01} 2[1<1]-1=-1
1—-4/=3 x {1,0} 2@2<1]-1=-1

[y
[y
N

=
N
N

N
[y
N

1-0=2 x, {0,1} 2[1<2]—-1=+1
2 2 2:00-1=2 x {1,0} 22<2]-1=-1

=
N

J4—1=3 x3 {0,1} 2[1<3]—1=+1
2 2:]1-0[=2 x3 {1,0} 22<3]—-1=+1

where 1 <i < N, C is a V-shaped cost matrix, i.e.:

Cowng 2 Cowyg i 4= 0:)
Cowg < Cowngr1 if 9= Oi)

The cost matrix must be defined a priori. An example of this transformation is
given in Table 3.3.

2. A single binary classifier with confidence outputs, f(x, m;), is trained for the
new extended patterns, aiming at a low weighted 0/1 loss.

3. A classification rule like the following is used to construct a final prediction for
new patterns:

Q-1
r(x) =1+ Y [f(x,my) > 0]. (3.2)
q=1

All the binary classification problems are solved jointly by computing a single bi-
nary classifier. The most striking characteristic of this algorithm is that it unifies many
existing ordinal regression algorithms [31], such as the perceptron ones [32], kernel
ranking [95], AdaBoost.OR [161], ORBoost-LR and ORBoost-All thresholded ensem-
ble models [159], CLM [137] or several ordinal SVM proposals (0SVM [29], SVORIM
and SVOREX [33]). Moreover, it is important to highlight the theoretical guarantees
provided by the framework, including the derived cost and regret bounds and the
proof of equivalence between ordinal regression and binary classification. An exten-
sion of this reduction framework was proposed in [162], where ordinal regression
is proved to be equivalent to a regular multiclass classification whose distribution is
changed. This extension is free of the following restrictions: target functions should
be rank-monotonic; and rows of loss matrix are convex.

The data replication method of Cardoso et al. [29] (Whose previous linear version
appeared in [4]) is a very similar framework, except that it essentially considers the
absolute cost, consequently being less flexible. However, for ordinal regression, in-
creasing the error with the absolute difference between the predicted and estimated
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labels is a natural choice in the absence of any other information [82]. Another dif-
ference is that the framework of data replication includes a parameter s which limits
the number of adjacent classes considered, in such a way that the replicate g is con-
structed by using the g — s classes to its ‘left’” and the g + s classes to its "right” [29].
This parameter s € {1,..,Q — 1} plays the role of controlling the increase of data
points.

3.3.5 Other approaches and problem formulations

This subsection includes some methods that are difficult to consider in the previous
groups. For example, an alternative methodology is proposed by da Costa et al. [18,
134] for training ordinal regression models. The main assumption of their proposal
is that the random variable class associated with a given pattern should follow a
unimodal distribution. For this purpose, they provide two possible implementations:
a parametric one, where a specific discrete distribution is assumed and the associated
free parameters are estimated by a neural network; and a non-parametric one, where
no distribution is assumed but the error function is modified to avoid errors from
distant classes. The same idea was then applied to SVMs in [163] by solving an
ordinal problem through a single optimisation process (the all-at-once strategy).

Ordinal decision trees have mainly been applied in the context of monotonic classi-
fication [103, 106], which imposes monotonicity constraints on the classification rule.
However, in [164], both decision trees [118] and nearest neighbour (NN) classifiers
[165] are applied to ordinal regression problems by introducing the notion of consis-
tency: a small change in the input data should not lead to a 'big jump” in the output
decision, i.e. adjacent decision regions should have equal or consecutive labels. This
rationale was used as a post-processing mechanism of a standard decision tree and as
a pre- or post- processing step for the NN method. An improvement was presented
in [166] to reduce the over-regularised decision region artifact by using ensemble
learning techniques.

Two ordinal learning vector quantization schemes, with metric learning, specif-
ically designed for classifying data items into ordered classes, are introduced in
[34, 167]. The methods use the order information during training, both in the se-
lection of the prototypes and for determining the way they are updated.

3.4 ORDINAL CLASSIFICATION METHODS USED FOR THE EXPERIMENTS

In this thesis we use a set of ordinal classification methods for comparison pur-
poses. We have selected these methods because they are the most extended ones,
and they have competitive classification performance. Also, there are public avail-
able implementations of the methods provided by the authors, with the exception of
KDLOR, which implementation is the one provided in [76]. In the experiments in
this thesis, all the kernel methods are set up with the Gaussian kernel. Here there is
a summary of the ordinal classification methods, as well as their basic configuration,
that are used for the experiments:
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Gaussian Processes for Ordinal Regression (GPOR)' by Chu and Ghahramani [41],
presents a probabilistic kernel approach to ordinal regression based on Gaus-
sian processes where a threshold model that generalizes the probit function is
used as the likelihood function for ordinal variables. In addition, Chu applies
the automatic relevance determination (ARD) method proposed by [168] and
[169] to the GPOR model. When using GPOR with ARD feature selection, we
will refer the algorithm to as GPOR-ARD.

Support Vector Ordinal Regression (SVOR)* by Chu and Keerthi [33, 39], pro-
poses two new support vector approaches for ordinal regression: SVOREX and
SVORIM.

RED-SVM3, by Li and Lin [30], Lin and Li [31], applies the reduction from cost-
sensitive ordinal ranking to weighted binary classification (RED) framework to
SVM. In this thesis experiments, the coding matrix considered is the identity
and the cost matrix is the absolute value matrix, applied to the standard binary
soft-margin SVM.

A Simple Approach to Ordinal Regression (ASAOR)* by Frank and Hall [27] is
a general method that enables standard classification algorithms to make use
of order information in attributes by considering the OrderedPartitions decom-
position presented in subsection 3.3.2.1. Here, the C4.5 method available in
Weka [66] is used as the underlying classification algorithm since this is the
one initially employed by the authors of ASAOR. In this way, the algorithm is
identified as ASAOR(C4.5).

The Proportional Odds Model (POM) is one of the first models specifically de-
signed for ordinal regression [36]. For the POM model, the mnrfit function of
Matlab software has been used.

Kernel Discriminant Learning for Ordinal Regression (KDLOR) [9o] extends the
Kernel Discriminant Analysis (KDA) using a rank constraint.

Support Vector Machines (SVM)> [44, 58] nominal classifier is included in the
experiments in order to establish a baseline nominal performance. C-Support
Vector Classification (SVC) available in libSVM 3.0 [170] is used as the SVM
classifier implementation. In order to deal with the multiclass case, a “one-
versus-one” approach is considered, following the recommendations of Hsu
and Lin [123].

1 GPOR, http://www.gatsby.ucl.ac.uk/chuwei/ordinalregression.html
2 SVOREX and SVORIM, http://www.gatsby.ucl.ac.uk/chuwei/svor.htm
3 RED-SVM, http://home.caltech.edu/htlin/program/libsvm/

4 ASAOR is available in Weka http://www.cs.waikato.ac.nz/ml/weka/

5 http://www.csie.ntu.edu.tw/~cjlin/libsvm/
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Part II

PROPOSALS FOR ORDINAL REGRESSION AND
IMBALANCED DATA

This part of the thesis presents the main contributions to the state of the
art. Chapter 4 deals with improvements regarding class imbalance, while
Chapter 5 presents the major contributions to ordinal regression problem.






NEW PROPOSALS FOR CLASS IMBALANCE PROBLEM

Summary. This chapter deals with data imbalance issue, a very common
problem in ordinal regression datasets. Data imbalance refers to datasets
where the number of patterns belonging to each class varies noticeably.
For classes with small number of patterns, general purpose classifiers tend
to ignore minority classes and consequently misclassifying patterns as
neighbour (majority) classes. In the recent years, and specially in the
nominal multi-class field, this has motivated research related to produce
classifiers sensitive to all the classes, as well as to develop performance
evaluation metrics that consider per-class classification throughput.

Recently, a multi-objective Minimum Sensitivity-Accuracy based method-
ology has been proposed for building classifiers for imbalanced multi-
class problems [21]. With this goal, the proposal extends a Pareto based
evolutionary algorithm. However, the well known high computational
cost of multi-objective approaches motivates the design of more efficient
alternatives. This chapter presents an effective and efficient alternative to
the Pareto based solution when considering both Accuracy and Minimum
Sensitivity in multi-class classifiers. Several alternatives are presented and
evaluated in the context of imbalanced datasets.

Associated publications. Some portions of this chapter appeared in [109,
171, 172]:

= J. Sdanchez-Monedero, C. Hervas-Martinez, P.A. Gutiérrez, M. Carbonero-
Ruz, M. C. Ramirez-Moreno, and M. Cruz-Ramirez. Evaluating
the Performance of Evolutionary Extreme Learning Machines by a
Combination of Sensitivity and Accuracy Measures. Neural Network
World, 20:899-912, 2010.
Impact factor (JCR2010): 0.511
http://www.nnw.cz/obsahy10.html

= . Sinchez-Monedero, P. A. Gutiérrez, F. Fernandez-Navarro and C.
Hervas-Martinez. Weighting efficient accuracy and minimum sensi-
tivity for evolving multi-class classifiers. Neural Processing Letters, 34
(2):101-116, 2011.

Impact factor (JCR2011): 0.750
http://dx.doi.org/10.1007/s11063-011-9186-9

= J. Sdnchez-Monedero, C. Hervis-Martinez, F. Martinez-Estudillo, Car-
bonero-Ruz, M. C. Ramirez-Moreno and M. Cruz-Ramirez. Evolu-
tionary learning using a sensitivity-accuracy approach for classifica-
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tion. In Hybrid Artificial Intelligence Systems, volume 6077 of Lecture
Notes in Computer Science, pages 288-295. Springer Berlin / Heidel-
berg, 2010.

http://dx.doi.org/10.1007/978-3-642-13803-4_36.

4.1 MOTIVATION AND OBJECTIVES

Recently, a multi-objective Minimum Sensitivity-Accuracy based methodology has
been proposed for building class imbalance aware classifiers [21]. The problem has
been formulated as a Pareto front evolutionary strategy for evolving artificial neural
networks [173]. However, the problem of such Pareto based solutions is that those
algorithms are computationally expensive (see Section 4.5). With this motivation, we
propose an algorithm level solution to the class imbalance problem based on a para-
metric fitness function which is optimized in the learning process to balance global
and per-class performance. This fitness function reformulates the multi-objective
Pareto approach as a weighted linear combination of the objectives, which is a more
efficient approach.

On the other hand, we also care about the learning algorithm optimization. Huang
et al. have proposed an algorithm called Extreme Learning Machine (ELM) [174]
which randomly chooses weights connecting input layer nodes and hidden layer
nodes and analytically determines (by using Moore-Penrose generalized inverse [175,
176]) the weights connecting the hidden layer to the output layer of the network. The
algorithm tends to provide good testing performance at an extremely fast learning
speed. However, ELM may need a higher number of hidden nodes due to the ran-
dom determination of the weights and biases between input and hidden layers. In
[177], a hybrid algorithm called Evolutionary Extreme Learning Machine (E-ELM)
was proposed by using the differential evolution (DE) algorithm [178]. The experi-
mental results obtained show that this approach reduces the number of hidden nodes
and obtains more compact networks.

In this chapter, the simultaneous optimization of Accuracy (or C) and Minimum
Sensitivity (MS) is carried out by means of a modification of the E-ELM algorithm.
The key point of this modification is the fitness function considered, which tries to
take into account both C and MS objectives. A convex linear combination of both tries
to achieve a good balance between the classification rate level in the global dataset
and an acceptable level for each class.

The chapter follows with an introduction to the class imbalance problem (Section
4.2), the associated specific performance metrics (Section 4.3) and a taxonomy of solu-
tions to the problem (Section 4.4). Then, a brief exposition of related multi-objective
research, ELM and E-ELM works is done at Section 4.5. Section 4.6 proposes different
fitness functions and the Evolutionary ELM considering C and MS (E-ELM-CS) algo-
rithm, as well as an ELM model extension to obtain probabilities associated to the
model predictions. Section 4.7 shows experiments evaluating the incidence of the A
hyper-parameter to E-ELM-CS, and compares several proposed fitness functions and
different related state of the art methods in order to choose the best options consid-
ering classification performance and computational time. Finally, some conclusions
are drawn.
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4.2 INTRODUCTION TO CLASS IMBALANCE

A dataset is considered to be imbalanced or to present class imbalance if at least
one of the classes (often called minority class) contains a much smaller number of
patterns than the other classes (usually referred to as majority classes). This can be
also expressed as a dataset where there are differences in class prior probabilities.
In recent years, the imbalanced learning problem has drawn a significant amount of
interest in machine learning [179-182]. The fundamental issue with the imbalanced
learning problem is the ability of imbalanced data to significantly compromise the
performance of most standard learning algorithms [182], whose performance tend to
be biased to the majority classes. This problem is even more severe if we consider
that typically, in real world problems, the minority class is of primary interest in a
given application [183, 184]. An example of this are the majority of medical diagno-
sis problems, such as donor-recipient matching in liver transplantation [185]. Other
real problems examples presenting class imbalance are detection of oil spills in satel-
lite radar images [186], detection of fraudulent calls [187], risk management [188],
predictive microbiology [189] or text classification [190].

However, it should be noticed that class imbalance alone is not the only dataset fea-
ture that hinders the performance of some standard classifiers. Prati et al. [191] high-
light that often this performance decay has been exclusively attributed to imbalance,
conversely, class imbalance does not hinder performance by itself. This deduction is
straightforward since minority well separated classes are easy to classify independent
of the class prior. Prati et al. [191] conclude that class overlapping have a role even
stronger than class imbalance. This claim is related to the study of Murphey et al.
[192], that asserts that the imbalanced problem is more serious when the dataset has
a high level of noise, which is highly related to class overlapping. This issue has been
pointed out also by other authors [193], as well as the problem of the effect of small
sample size, that is worsen by the increment of data dimensionality.

4.3 EVALUATION OF IMBALANCED PROBLEMS

Evaluation metrics are essential in machine learning. They are used to evaluate
and guide the learning algorithms. In the case of imbalanced data sets, if the metric
does not value the minority class, the learning algorithm will not be able to prop-
erly handle the imbalance problem [194]. This section is devoted to revise the most
commonly used performance metrics for the imbalance case, along with the proposal
used for the contributions of the rest of the chapter.

4.3.1  Performance evaluation in binary imbalanced problems

As previously mentioned, classification metrics such as Accuracy (Acc) may lead
to erroneous conclusions since the majority class (or classes) have more impact on the
performance metric and the learning algorithm than the minority class (or classes),
then alternative metrics are needed [195]. In binary classification, there are three
alternatives which are the most commonly used [194]. Table 4.1 presents a binary
classification confusion matrix, which is the base of many metrics.
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Table 4.1: Contingency or confusion matrix presenting the relation between true positives,
true negatives, false positives, and false negatives

actual class (observation)

TP (true positive) FP (false positive)
predicted class Correct result Unexpected result
(expectation) . .

FN (false negative) TN (true negative)

Missing result Correct absence of result

4.3.1.1  Metrics when the minority class is more relevant

The first metric set includes the Precision, Recall and F-measure, which is used when
the performance of the positive class (the minority class) is considered, i.e. it is more
important for the problem, in the learning task. This typically the case of medical
diagnosis applications.

The Precision of a classifier is the percentage of positive predictions that are correct:

P
TP + FP’

Recall (also Sensitivity (S) or true positive rate) is the rate of true positive patterns
rightly classified:

Precision = (4.1)

TP
TP + FN’
The F-measure is related to a high value of both Precision and Recall, and is defined
as the harmonic mean of both [196]:

Recall = (4.2)

F-measure = 2 x Recall x Precision -
~ Recall + Precision 4.3

4.3.1.2  Metrics when both classes are relevant

When the performance of both classes is important and is expected to be high
simultaneously, the Sensitivity, Specificity and the geometric mean of both are used.

The S (also positive rate, or the recall rate) measures the rate of actual positives
which are correctly identified as such (e.g. the percentage of people having an illness
who are correctly identified as having the illness):

TP
TP + EN’
The Specificity (also called positive predictive value, precision rate or True Negative
Rate (TNR)) measures the proportion of negatives which are correctly identified as
such (e.g. the percentage of people that do not have the illness and are correctly
identified as not having it). The Specificity is the True Negative Rate (TNR):

Sensitivity = Recall = (4-4)

e TN
Specificity = TN £ FP° (4.5)
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Finally, Kubat and Matwin [197] proposed the geometric mean (G-mean) of the Sen-
sitivity (precision on the positive patterns) and Specificity (precision on the negative
examples):

G-Mean = ,/Sensitivity x Specificity. (4.6)

Then, the G-Mean indicates the balance between classification performances on the
majority and minority classes, and it has been used by several authors [181, 186, 198].
This metric can be extended to the multiclass case by using the performance of each
individual class as terms of the product in Equation 4.6.

Finally, for ending this subsection, it is worthwhile to formulate Acc in terms of
the elements of the confusion or contingency matrix in Table 4.1:

Accuracy = 1P+ TN (4.7)
YT TP+ TN +FP+ N’ 47

4.3.1.3 ROC and AUC

In a Sensitivity-Specificity analysis there is usually desired a trade-off between
these measures. Though the use of the geometric mean of the true rates is very ex-
tended for considering the whole performance [181, 186, 198], probably the Receiver
Operating Characteristic (ROC) and the area under the ROC curve (AUC) are the two
most common measures for assessing the overall classification performance compro-
mise [195].
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Figure 4.1: Receiver operating characteristic example comparing three classifiers. Observe the
optimal classification (0.0,1.0) point, and the line indicating random classifiers.

The ROC is a two-dimensional graph of the relationship between classification
achievements and classification costs in terms of the decision threshold variation. The
ROC curve reveals that the true positive rate cannot increase without also increasing
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the false positive rate. The aforementioned trade-off can be graphically shown as a
ROC curve, allowing visual comparison of different classifiers performance.

Moreover to the visual comparison, it might be necessary to obtain a numerical
representation of a classifier performance (e.g. for using the metric to guide an op-
timization search). The ROC performance can be reduced to a single scalar value
representing expected performance, normally calculating the AUC which measures
the misclassification rate of one class and the accuracy of the other. Then the AUC has
the attractive property that it side-steps the need to specify the costs of the different
kinds of misclassification [199].

Since the AUC is a portion of the area of the unit square, its value will always
be between 0 and 1. However, because random guessing produces the diagonal
line between (0,0) and (1,1), which has an area of 0.5, no realistic classifier should
have an AUC less than 0.5 [196]. The AUC has the following statistical property:
the AUC of a classifier is equivalent to the probability that the classifier will rank a
randomly chosen positive instance higher than a randomly chosen negative instance
[196]. Finally, it should be noticed than if AUC < 0.5 it can be stated than the classifier
has worse performance than a random classifier. See Figure 4.1 for ROC curves and
AUC values examples.

The AUC presents two limitations. The first one is the fastening to binary prob-
lems, though some attempts have being introduced in the late years to extend ROC
analysis to multi-class problems. The second limitation of the AUC evaluation is that
it depends on a classifier output providing pattern’s scores to allow pattern ordering.
However many classifiers do not provide this type of output®. If this is the case, the
geometric mean approach is a reasonable alternative.

4.3.2  Performance evaluation in multi-class imbalanced problems

The ROC curve and the AUC have been widely used to analyze and evaluate
the quality of binary classifiers [201, 202] however its application to the multi-class
case is not straightforward. Srinivasan [203] has shown that, theoretically, the ROC
analysis extends to more than two classes “directly” [204]. In addition, different ap-
proaches have been proposed to extend the ROC analysis to multi-class classification
[199, 204, 205]. More precisely, the ROC analysis in the Q class case (Q > 2) implies
the calculation of the Volume Under the ROC Surface (VUS). Nevertheless this cal-
culation is not trivial and there are computational limits to its estimation. However,
there are not only computational limitations but also representational ones. ROC
analysis in two dimensions has a very nice and understandable representation, but it
cannot be directly extended to more than two classes, because even for 3 classes we
have a 6D space [204].

Other proposals, such as the one of Hand and Till [199], are valid for non-direct
multi-class formulation, i.e. one-versus-one and one-versus-all strategies. However,
these proposals are linked to the underlying multi-class decomposition scheme, so

It should be noticed that there is an active work in extending classifiers for this purpose. For instance,
though neural networks models do not typically produce probabilistic outputs, it is possible to obtain
a probabilistic estimations adding a softmax [200] transformation layer to the neural network model
output layer. However, other probabilistic extensions are not so direct.
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that a direct multi-class evaluation can be more suitable and can be better extended
to different types of classifiers.

Due to the lack of a robust and efficient alternative to AUC for multi-class, the
geometric mean of the true rates is probably the most extended metric [181, 184, 186,
198]. However, it has been lately proposed the aforementioned Minimum Sensitivity-
Accuracy pair with the purpose of visualizing and evaluating multi-class classifiers.
The explanation of this proposal is done in the next subsection.

4.3.3 Accuracy and Minimum Sensitivity

As exposed in the current chapter, in nominal classification, to evaluate a classifier,
the machine learning community has traditionally used the Accuracy to measure its
default performance. In the same way, Accuracy, as other global performance metrics
such as the Mean Squared Error (MSE), has been frequently used as the fitness func-
tion in evolutionary algorithms when solving classification problems. However, the
pitfalls of using Accuracy have been pointed out by several authors [206] since it only
reflects a one-dimensional — the global performance — aspect of the classification.

Martinez-Estudillo et al. [207] address the problem of the one dimensional con-
sideration in multi-class problems. In that work, two measures are considered to
evaluate a classifier: traditionally used Accuracy (Acc, CCR or C) and the proposed
minimum Sensitivity from all classes, i.e. Minimum Sensitivity; that is, the premise
assumed is that a good classifier should combine a high correct classification rate
level in the generalization set with an acceptable accuracy level for each class. The
following exposition is a summary of the works of Martinez-Estudillo et al. [207] and
Fernandez-Caballero et al. [21], for further details please check these references.

A classification problem with Q classes and N training or testing patterns is con-
sidered, with ¢ as a classifier obtaining a Q x Q contingency or confusion matrix
M(g) = {ni]-; Zgj:l nj=N }, where 1;; represents the number of times the patterns
are predicted by classifier g to be in class j when they really belong to class i. The
main diagonal corresponds to the correctly classified patterns and the off-diagonal to
the mistakes in the classification task.

The number of patterns associated with class i can be denoted by n;, = ZjQzl nij,
i=1,...,Q. Two scalar measures are derived, which take the elements of the confu-
sion matrix into consideration from different points of view [21, 207]. Let S; = n;;/n;e
be the number of patterns correctly predicted to be in class i with respect to the total
number of patterns in i (Sensitivity for class i). Therefore, the Sensitivity for class i
estimates the probability of correctly predicting a class i example. From the above
quantities, the Minimum Sensitivity (MS) of the classifier is defined as the minimum
value of the sensitivities for each class, MS = min{S;; i =1,...,Q}. Moreover, the
Correct Classification Rate or Accuracy is the rate of all the correct predictions:

Q
C=(1/N))_nj. (4-8)

j=1
The two-dimensional measure (MS, C) associated to a classifier g is an interesting
alternative for representing its behaviour (MS on the horizontal axis and C on the
vertical axis). A classifier depicted in this space is giving information about two of
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Figure 4.2: Unfeasible region in the two-dimensional (MS, C) space for a concrete classifica-
tion problem.

its features: the global performance and the performance in each class. One point
in (MS, C) space dominates another if it is above and to the right, i.e., it has more
Accuracy and greater Sensitivity.

It is straightforward to prove the following relationship between C and MS (see
[207]). Let us consider a Q-class classification problem. Let C and MS associated
with a classifier g, then MS < C < 1— (1 - MS)p*, where p* = ng/N is the
minimum of the estimated prior probabilities (g is the class with the lowest number
of patterns).

Therefore, each classifier will be represented as a point outside the shaded region
in Figure 4.2. Several points in (MS,C) space are important to note. The lower left
point (0,0) represents the worst classifier and the optimum classifier is located at the
(1,1) point. Furthermore, the points on the vertical axis correspond to classifiers that
are not able to predict any point in a concrete class correctly. Note that it is possible
to find among them classifiers with a high level of C, particularly in problems with
small p*.

The optimization strategies in the (MS, C) space should try to move the classifiers
towards the optimum classifier located in the (1,1).

4.4 SOLUTIONS FOR THE CLASS IMBALANCED PROBLEM

The previous section has introduced and motivated the problem research, and it
has preliminary depicted some associated issues. The present section introduces how
the class imbalance problem is addressed, which is currently done from two points
of view that are not exclusive:

DATA PREPROCESSING LEVEL. The data is preprocessed in order to lighten the class
distribution imbalance. These techniques are known as resampling techniques,
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and the purpose is to change the class distribution by suppressing or adding
patterns. Resampling techniques can be divided into three groups: undersam-
pling methods, which delete instances (typically from the majority classes); over-
sampling methods, which create a superset of the original dataset by replicating
some instances or creating new synthetic instances from existing ones; and fi-
nally, hybrid methods, that combine both sampling approaches [193]. Probably
the most extended oversampling technique is the SMOTE (Synthetic minority
over-sampling technique) [183].

MODEL AND ALGORITHM LEVEL. Many existing classifiers’ models and/or train-
ing algorithms can be modified for dealing with data imbalance. For instance,
cost-sensitive learning takes into account the variable cost of a misclassification
of the different classes [208], for instance adding more penalty to false nega-
tive errors in binary classification (i.e. misclassifying the interest class). The
approach of Fernandez-Caballero et al. [21] can be placed in this category since
the algorithm optimizes two performance metrics for considering the per-class
performance. This can be viewed as a type of cost-sensitive learning in which
the cost matrix does not need to be adjusted. Another example, is the threshold-
moving, this is, the output decision thresholds are moved toward inexpensive
classes such that examples with higher costs become harder to be misclassified

[209].

Regarding the second category, since most popular classifiers are reported to be
inadequate when faced with the class imbalance problem, there are several works
extending those models to improve classification in this context. For instance, deci-
sion trees [179, 195, 210], Support Vector Machines [179, 211, 212], neural networks
[21, 179, 184], Bayesian networks [188], nearest neighbour classifiers [188] or asso-
ciative classification approaches [213], among others. Recently, Fernandez-Caballero
et al. [21] demonstrated that global class performance and minority class performance
can be competitive objectives in classifiers” training, which justified the use of a multi-
objective optimization approach, and they tested it in the context of MLI training.

An example of a hybrid approach is the method of Ferndndez-Navarro et al. [184]
in which a dynamic oversampling technique is proposed in the context of evolu-
tionary optimization. While most resampling techniques can be considered as static
techniques, in that dynamic approach the SMOTE algorithm is selectively applied to
the worst classified classes during the evolution.

4.5 RELATED WORKS
4.5.1 Multi-Objective Evolutionary Optimization

As introduced in Section 4.3.3, our approach tries to build classifiers with C and
MS simultaneously optimized. These objectives are not always cooperative, specially
with high C and MS values [21]. Moreover, considering the multi-objective evolution-
ary framework, C and MS are opposite objectives at high levels. This fact justifies the
use of a multi-objective framework for the learning algorithm. However, since MS is
not a differentiable function, most classic optimization methods can not be applied.
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This second point motivates the use of evolutionary algorithms as a heuristic to op-
timize the objectives. This kind of algorithms are formally known as multi-objective
evolutionary algorithms (MOEAs).

The idea of designing neural networks within a multi-objective approach was first
considered by Abbass in [214, 215]. In these works, the multi-objective problem for-
mulation essentially involved the setting up of two objectives: the complexity of the
network (in terms of number of hidden nodes in the neural network) and the train-
ing error (measured with MSE). For addressing that, an algorithm called memetic
Pareto artificial neural networks (MPANN) which uses Pareto differential evolution
was proposed, showing improvements with respect to many other MOEAs.

Ferndndez et al. [21] extended the NSGA-II algorithm [216] by including C and
MS as the objectives in the algorithm?. In addition, the NSGA-II was hybridized
with iRprop™ [217] as the local search procedure, but this algorithm was only ap-
plied in specific generations during the evolution, the resulting algorithm is called
MPENSGA-II. This Pareto multi-objective approach has been later successfully ap-
plied for solving predictive microbiology problems [218]. These problems are often
imbalanced and in general the classes with lower number of patterns are the most
important classes.

However, it is well known that Pareto-based approaches are expensive in terms of
computational time as pointed out in Coello [219]. The main problem with Pareto
ranking is that there is no efficient algorithm to check for non-dominance in a set
of feasible solutions [220]. As a consequence, traditional algorithms have serious
performance degradation as the size of the population, the number of generations
and the number of objectives increases [219].

One alternative for addressing multi-objective problems in a more efficient strategy
(in terms of computing time) is to combine objectives into a single function which is
normally denominated aggqregating function [219]. This option can be suitable when
the behaviour of the objective functions is more or less well known, and it presents an
unique candidate solution, that can be an advantage in some domains. The weighted
sum approach is one alternative for implementing an aggregating function. This
method consist on adding the different objective functions with different weights for
each one of the functions, then the multi-objective problem is turned into a scalar
optimization problem formulated as:

k
min ; w;fi(x),

where f; is an objective function, w; is the weight coefficient representing the impor-
tance of f; and Y5, w; = 1.

Weighted linear combination proves to be very efficient in practice for certain types
of problems, for example in combinatorial multi-objective optimization, and its com-
putational cost is noticeably lower than other multi-objective approaches [219]. Some
of the applications of this technique are schedule evaluation of a resource scheduler
or design multiplierless IIR filters [221]. The main disadvantage is that it may be dif-
ficult to determine the proper weights. However, this option is a good method when
there are two objectives, as it is our case, and when the first Pareto front has a very

2 Actually in that work the cross-entropy error [16] was used as a equivalent function to C.
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small number of models, in some cases only one (an example of this last case can be
seen at experimental results from MPANN methodology in balance dataset in Figure
4.6 at Subsection 4.7.2).

4.5.2 Extreme Learning Machine and Differential Evolution

The Extreme Learning Machine (ELM) algorithm has been proposed by Huang
et al. [42, 174]. ELM and its extensions have been applied to microarray gene expres-
sion cancer diagnosis [222, 223], sales forecasting [224], real-time watermarking [225],
Quality-of-Service (QoS) violation detection in multimedia transmission [226] and
other problems. This section briefly presents ELM algorithm and the Evolutionary
ELM.

Let us consider the training set D = {(x;,y;) | x;i € X, y; € V,i=1,...,N}, where
N is the number of samples, Q is the number of classes, and K the number of
dimensions. Then, each pattern is represented by a K-dimensional feature vector
x € X CRK ie x; = (x1,%p,.-.,xig), and a class label y € Y = {C1,Cy,...,Co}.
Since the single model neural networks have one output neuron per class, in this
case, the label is represented as a Q x 1 target vector t; € RC, ie. t; = (tiu, tn,..., tio),
where t;; = 1 means that pattern x; belongs to class j and t;; = 0 means the pattern
does not belong to class j. This target coding is known as a 1-of-Q coding scheme [9].

Let us consider a MLP with M nodes in the hidden layer and Q nodes in the output
layer given by:

f(x,0) = (fi(x,61), f2(x,82), ..., fo(x,00)), (4-9)
where:
fa(x,89) = By + Zinl IB?‘T]'(X/ wi)q=12...,0Q, (4.10)

where 0 = (04, ..., BQ)T is the transpose matrix containing all the neural net weights,
0, = (BT, wi, ..., wy) is the vector of weights of the gth output node, B7 =

0, B1,...,B%, is the vector of weights of the connections between the hidden layer
and the gth output node, w; = (wl]-, .. .,wK]-) is the vector of weights of the connec-
tions between the input layer and the jth hidden node, Q is the number of classes in
the problem, M is the number of sigmoidal units in the hidden layer and 0 (x, wj)

the sigmoidal function:
1

1+ exp <_ (wo]' + 15 wijxi>>
where wy; is the bias of the jth hidden node.

The linear system f (xj) =t;,j=1,2,...,N, can be written as the following matrix
system HB = T, where H is the hidden layer output matrix of the network:

U(X1,W1) (T(XLWM)
H(Xl,...,XN,Wl,...,WM): ,

0 (x wj) =

4

o(xn,W1) 0 0(XNWM) ] o

B1 t
and T =

=
|

Bm MxQ tn NxQ
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The ELM algorithm randomly selects the w; = (wy, ..., wk;),j = 1,..., M, weights
and biases for hidden nodes, and analytically determines the output weights g}, 81,
..., B%, for g = 1...Q by finding the least square solution to the given linear system.
The minimum norm least-square solution (LS) to the linear system is B = H'T, where
H' is the Moore-Penrose generalized inverse [175, 176] of matrix H. The minimum
norm LS solution is unique and has the smallest norm among all the LS solutions,
which guarantees better generalization performance.

However, ELM may need a higher number of hidden nodes due to the random
determination of the input weights and hidden biases. The Evolutionary Extreme
Learning Machine (E-ELM) [177] improves the original ELM by using a differential
evolution algorithm so that more compact networks can be obtained. DE was pro-
posed by Storn and Price [178] and it is known as one of the most efficient evolu-
tionary algorithms with many applications such as artificial neural networks training
[227]. The E-ELM uses DE to select the input weights between input and hidden lay-
ers and the Moore-Penrose generalized inverse to analytically determine the output
weights between hidden and output layers. A non-evolutionary alternative to obtain
simpler ELM models is the Optimally Pruned Extreme Learning Machine (OP-ELM)
by Miche et al. [228]. The OP-ELM performs network pruning by applying the Mul-
tiresponse Sparse Regression (MRSR) to rank hidden layer neurons together with a
leave-one-out (LOO) validation strategy. ELM is not tied to the Sigmoidal basis func-
tion and it has been extended to the RBF case, the Generalized RBF [229] function, or
to models with several types of nodes in the hidden layer [228].

For ending this section we want to summarize the controversy generated by the
ELM term. In 2008, Wang and Wan [230] presented an article entitled Comments on
“The extreme learning machine” to the IEEE Transactions on Neural Networks journal,
the abstract is the following:

This comment letter points out that the essence of the “extreme learning
machine (ELM)” recently appeared has been proposed earlier by Broom-
head and Lowe and Pao et al., and discussed by other authors. Hence, it
is not necessary to introduce a new name “ELM”.

The authors of ELM responded with a letter explaining the differences between
previous works and “ELM” in a complementary article (see Reply to “Comments on
“The extreme learning machine”” [231]). Despite the controversy, the motivation to
research in efficient non-iterative learning methods have been spread in the commu-
nity and the number of works related to ELM has been growing in the last years

[232].

46 PROPOSAL 1: EVOLUTIONARY ELM CONSIDERING ACCURACY AND MINI-
MUM SENSITIVITY

4.6.1 Fitness function design

As mentioned in the motivation section, our approach tries to build classifiers
with simultaneously optimized C and MS. Since these objectives are not always
cooperative [21, 207], neither MS is differentiable, an evolutionary multi-objective
approach could be used.
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In this work, a linear combination is used to obtain the maximization of objectives
C and MS.

We assume we do not have a priori information about the proper weighting of
C and MS for each dataset. Thus, both measures are considered equally important.
Thereby, we deal with this problem by adapting the algorithm to each dataset through
a nested cross-validation procedure. Our purpose is to design a fitness function able
to weight up both C and MS objectives in the algorithm.

There is no rule for establishing priorities between C and MS. Thus, we include a
parameter for weighting the two objectives. The underlying idea is to have an auto-
matically adjustable fitness function which could be optimized for each dataset via
this parameter, called A, ranging between [0, 1]. In this work, three fitness functions
are proposed to try to balance the two objectives.

The first fitness function is based on C and MS. This function evaluates the per-
formance of a classifier depending on a weighted Accuracy level and a weighted
Minimum Sensitivity. It is defined by:

P/\CS = (1 — )\)C + AMS. (4.11)

The function below is a direct expression of the objectives that can be useful for
studying the algorithm behaviour in the (MS,C) space, hereafter the use of this
function for fitness evaluation in an algorithm can not be optimal. According to [9,
16], in general terms, the use of continuous function for training neural networks for
classification problems makes the convergence of the algorithm more robust. Then,
by using, for instance, the root mean square error (RMSE) or the cross-entropy error
[16] the fitness function is turned into a continuous function.

In order to properly calculate the RMSE and the cross-entropy error, the neural
network outputs need to be interpreted as probabilities p;, thereby, they must satisfy
the following constraints [16]:

Q

Z pq(x, Bq) =1, (4.12)
q=1
0 < pg(x,0y) <1. (4.13)

The first constraint also ensures that the distribution is correctly normalized, so that
[ p(t|x)dt = 1. These constraints can be satisfied by choosing a p, output related to
the corresponding network outputs f; by a softmax function [200]. Then, the softmax
activation function is added to standard ELM model outputs:

exp(fy(x, 65))
L1 exp(filx61))
where f; are the ELM outputs defined in Equation 4.10 and p, is the posterior prob-

ability that a pattern x has of belonging to class q. A pattern will belong to the class
with the greatest membership probability, this is:

Pq = Pq(x,0q) = 1<g<0Q, (4.14)

C(Bq,x) = argm;lx pq(x, 0;),1<g<Q. (4.15)

Then, once a probabilistic function from the ELM output is determined, a fitness
function based on RMSE is proposed:
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1 1
+ A
1+ 452, (ngR, (0)) ~ 1+max{Ry(8),9=1,...,Q

F/\R (9) = (1 — )\) }, (416)

where 1, = 2?:1 Ngif = 1,...,Q is the number of patterns associated with class g.
R; (0) is the RMSE per class in the problem, defined by:

Y Y (b — g (x:,0)))2
R, (0) \l 14 1(:qQPq (x )) ’ (4.17)

where N is the number of patterns, t;; is the target value for class g of pattern x;
(ti; will be equal to 1 if the pattern x; belongs to class g and 0 otherwise), p; is the
probability pattern x; has of belonging to class g, and n, is the number of patterns
associated with class g.

The fitness function defined in Eq. 4.16 introduces an alternative for considering C
and MS. The first term represents the global accuracy error for all the classes while
the second term represents the isolated error of the worst classified class as defined
in Eq. 4.17. The maximum error is selected because it is the equivalent to consider
Minimum Sensitivity, which is the minimum Accuracy for each class.

The third fitness function proposed is based on cross-entropy error in a similar way
to Fyg defined in Eq. 4.16:

1 1
Fie=(1-4) +A ,  (4.18)
1+ 512 (mEg(0)  1+max{E;(6),9=1,...,Q}
where E; is the cross-entropy error per class in the problem, defined by:
— L T (tig In(py (xi, 6,))
Eg(0) = ——— (4.19)

1,Q !
This error function is also known as the negative log likelihood and, when it is

minimized, maximum likelihood estimates (p, (x;, 6,)) are obtained for the event
observed.

4.6.2  The E-ELM-CS Algorithm

Our proposed method is implemented by using the E-ELM [177]. E-ELM for clas-
sification problems only considers the misclassification rate of the classifier. Further
details about the algorithm can be consulted in [177]. The E-ELM has been extended
in two ways. First, the three fitness functions designed in Section 4.6.1 are added,
including the addition of the softmax layer to the model. Secondly, a 10-fold cross-
validation is applied, using exclusively the training data, which aims to optimally
configure the A parameter of the fitness function. Note that after several experiments
with different A values no generic optimal value for A was found to maximize both C
and MS, that is, A depends on the data set (see experiments at Section 4.7.1). There-
fore, a cross-validation process is mandatory for each different dataset. Then, the
algorithm extension is called E-ELM-CS . The E-ELM-CS algorithm pseudocode is
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Require: E-ELM-CS (P (Training Patterns), T (Training Tags), F (Fitness Function), A)

1:

e S

18:
19:
20:

21:

22:
23:
24:
25:
26:
27:
28:
29:
30:
31
32:
33:
34
35:

e XN U B W N

A < Calculate optimal A for F and (PT)
Create a random initial population 6; = [wy,..., W, by,..., bk, i=1...N
for each individual do
B + ELM_output(w, P, T) {Calculate output weights}
fitness < get_fitness(w, B, EF,A D, T) {Evaluate individual}
end for
Select best individual of initial population
while Stop condition is not met do
Mutate random individuals and apply crossover as described in [177]
for each individual in the new population do
B < ELM_output(w, P, T) {Calculate output weights}
fitness < get_fitness(w, i%, AP, T) {Evaluate model}
Select new individuals for replacing individuals in old population
end for
Select the best model in the generation

: end while

return Best ELM model

function B = ELM_output(w, P, T)
Calculate the hidden layer output matrix H
Calculate the output weight § = H'T
return B

function F) = get_fitness(w, B, F,A,P,T)
if F/\CS then
Build training confusion matrix M
Calculate C and MS from M
Get classifier fitness with Eq. (4.11)
else if F\p or F g then
Add softmax layer to the ELM model (w, B)
if F/\R then
Get classifier fitness with Eq. (4.16)
else
Get classifier fitness with Eq. (4.18)
end if
end if
return Individual fitness

Figure 4.3: E-ELM-CS algorithm pseudocode.

shown in Figure 4.3. Mutation, crossover and selection operators work as described

in [177].
The cross-validation is performed by testing a range of A values for the chosen

fitness function in E-ELM-CS and a given configuration for the remainder parameters.
The training set is stratified into 10 sets so 10 validation configurations can be formed.
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Each one of the 10 validation tests consists of different combinations of g sets for
training and a different one for validation. Note that generalization data is never
used during this cross-validation procedure so that the final algorithm performance
will be measured only with unseen data. For each A value to validate, the E-ELM-CS
algorithm is run three times with the same data partition. Therefore the total number
of executions over the training data is 30. The A considered as optimal is the one
shown in the following equation:

R Cy, + MS),

A = argmax ————, (4.20)
A 2

where C,. is the mean C and MS,, is the mean MS obtained by the algorithm in the

different validation folds using A; for the fitness function.

The parameters related to the evolutionary algorithm are the same for the whole
cross-validation process with the exception of the parameter related to the number
of generations, which is reduced to 1/5 of the final number of generations because,
experimentally, it is not necessary to go further in the number of generations in
order to find the best A. The A values to be tested are selected from the range [0, 1]
in intervals of 0.25. Previous experiments confirmed that there were no significant
differences if the cross-validation was performed with more values. So, considering
a few A values and reducing the number of generations in the algorithm, the cross-
validation process time is drastically reduced.

4.7 EXPERIMENTS

In this section we perform some experiments with two purposes. First, to analyse
the behaviour of the E-ELM-CS algorithm regarding the weight of the two objectives
(Section 4.7.1), and secondly, we analyse the performance of the three fitness func-
tions of E-ELM-CS compared to several related methods and some baseline methods
(Section 4.7.3).

The E-ELM-CS is implemented as an extension of E-ELM source code available
at the authors’ public website3. For all the experiments, the crossover and mutator
parameters were set up as described in [177] (the crossover constant CR was 0.8, the
constant factor F, which controls the amplification of the differential variation, was 1
and the tolerance rate was 0.02).

4.7.1  Analysis of the effect of A values

In this subsection, we consider the effect of the A values. The objective of this study
is to evaluate how the E-ELM-CS can achieve very different results depending on the
A value selected, and how different datasets can demand different A values.

Firstly, to evidence that C and MS can be competitive objectives we present the
evolution of E-ELM-CS across several iterations* for breastc database (see Table 4.2)
in Figure 4.4.

http://www3.ntu.edu.sg/home/egbhuang/
Note we present more iterations than usual here in order to better observe the behaviour of the algo-
rithm.
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4.7 EXPERIMENTS

Table 4.2: Datasets used for the experiments observing the influence of A parameter.

*

Dataset Size #Input #Classes Distribution p

breastc 286 15 2 (201,85) 0.2972
balance 625 4 3 (288,49,288)  0.0784
BTX 63 3 7 (9.9/99.9,99) 0.1429
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Figure 4.4: C and MS evolution for breastc database using E-ELM-CS. The training and gen-
eralization performance of the best individual for each generation is showed. Ob-
serve than imposing more weight to the MS (A = 0.9) move the best individual of
the population though better performance in MS, but this is done at the cost of C.
Even in the case of A = 0.4, the best individual performance in C is decreased in
order to increase the MS performance. However, the generalization performance
of C is the same for the two A options. This gives us a hint about the necessity of
optimizing the A value for each dataset with a validation set.

Second, we analyse the generalization performance of different A values. Here we
consider two datasets with different features taken from the UCI repository [233] and
one real-world problem of analytical chemistry (benzene-toluene-xylene (BTX) and
their mixtures discrimination, see Hervas-Martinez et al. [234]). Table 4.2 shows the
features for each dataset. The experimental design was conducted using a stratified
holdout procedure (see Prechelt [235]) with 30 runs, where approximately 75% of the
patterns were randomly selected for the training set and the remainder 25% for the
generalization set.

In this second series of experiments, the number of individuals in the population
were 100 and the number of generations were set up to 50. The number of hidden
nodes of the neural network was obtained by a cross-validation procedure varying
the number of hidden nodes between 5 and 20.

In this section, we briefly observe the effect of the A value of the fitness function
Fycs described in Eq. 4.11 on the classifier performance in terms of C and MS. For
these experiments, we have chosen this function and discarted the other proposals
because we can represent the training and generalization performance in the (MS, C)
space described in Section 4.3.3. For breastc, balance and BTX datasets described in
Table 4.2, both training and generalization performance results are presented. Figure
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Figure 4.5: Different A results for breastc, balance and BTX databases. For each dataset the
training results are placed on the left column and the generalization performance
is shown in the right column. For each figure, a box containing a higher scale
representation of the most interesting zone is included.



4.7 EXPERIMENTS

4.5 presents results of E-ELM-CS for all the A values in the set [0.0,0.1,...,1.0]. The
results are the mean of the best models of 30 runs for each configuration. Each
subfigure in Figure 4.5 shows a box containing a higher scale representation of the
most interesting zone. Note that changing the values of A gives us different points
which are similar to the Pareto front points in multi-objective problems [219].

Subfigure 4.5a, showing breastc performance results, clearly proves that C and
MS can be competitive objectives. Observe that classifiers which are moved through
higher Sensitivity values loose performance in the global classification accuracy. A
trade-off point between increasing Minimum Sensitivity without loosing lot of global
accuracy could be classifiers trained with A = 0.4 or A = 0.5. Looking at the gener-
alization results in Subfigure 4.5b, it can be checked that the degree of over-fitting is
not excessively high, and the behaviour of the fitness function for different A values
is quite similar to that in the training set.

Subfigures 4.5¢ and 4.5d show a very clear example of how a balance between the
two objectives is necessary. The results shows that when only considering C (A =
0.0) the method cannot improve results for all the classes. Furthermore, Subfigure
4.5d shows that using only MS (A = 1.0) as the unique classification performance
measurement is also not suitable. Then, we can consider that A = 0.4, A = 0.5 and
A = 0.6 have the best results for improving the two measures.

Finally, we comment the BTX performance results. In Subfigure 4.5e it can be seen
that A value has not a very significant influence on the results achieved by E-ELM-CS.
However, it should be noticed that using only MS (A = 1.0) is not suitable, and the
best results are obtained by using only C (A = 0.0). This makes sense since BTX is a
perfectly balanced dataset (see number of patterns per class distribution for the BTX
dataset in Table 4.2) and with a not very high noise level [234], so the behaviour of
the classifiers is usually very similar for all classes.

In this preliminary analysis we can conclude that there is no rule for determining
the best A value. Therefore, we propose to optimize this parameter by the cross
validation procedure described in the previous section.

4.7.2  Comparison with other evolutionary approaches

For motivational purposes, in this section we compare the performance of E-ELM-
CS algorithm with the original E-ELM algorithm (equivalent to E-ELM-CS with A =
0.0), and two evolutionary training algorithms for MLP which are not specifically
designed for dealing with class imbalance:

= MPANN [215]. MPANN is a MOEA based on differential evolution with two
objectives; one is to minimize the MSE and the other is to minimize ANN
complexity (in terms of the number of hidden units). The Back Propagation al-
gorithm [236, p. 578] is used in MPANN as local search. We have implemented
a Java version using the pseudocode shown in [215] and the framework for evo-
lutionary computation JCLEC [237]. We select both extremes of the Pareto front
to compare the results with those from E-ELM-CS: the methodology is named
MPANN-MSE when the extreme selected is that providing the best MSE; or it is
called MPANN-HN if the extreme that is chosen has the best complexity value
(number of hidden units).
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Figure 4.6: Comparison of E-ELM-CS, E-ELM, TRAINDIFFEVOL, MPANN-MSE and
MPANN-HN methods for balance database in the generalization set. Observe
the performance differences between E-ELM and E-ELM-CS.

= TRAINDIFFEVOL (differential evolution training algorithm for neural networks)
[227]. TRAINDIFFEVOL is an algorithm to train feed forward MLP neural net-
works based on differential evolution. This algorithm uses the MSE regularized
by the mean squared weights and biases for guiding the networks training. To
obtain the Sensitivity for each class, a modification of the source code provided
by the author> has been implemented.

As an example of the usefulness of the (MS, C) representation, as well as the in-
fluence of the fitness function, Figure 4.6 depicts the Minimum Sensitivity-Accuracy
generalization results (mean of the results of best individuals of 30 runs) of the four
evolutionary methodologies for the balance dataset in the (MS, C) space. A visual
inspection of the figure allows us to easily observe the difference in the performance
of E-ELM-CS with respect to E-ELM , TRAINDIFFEVOL and MPANN.

4.7.3 Comparison with related methods and reference classifiers

The purpose of the experiments is to evaluate which fitness function is more suit-
able for E-ELM-CS with the purpose of simultaneous optimization of C and MS.
Computational cost, in terms of training time T, is also considered. Results are com-
pared with related state of the art methods.

There were ten UCI repository datasets with different features under study [233]
(see Table 4.3). The experimental design was conducted using a stratified holdout
procedure with 30 runs of each algorithm, where approximately 75% of the patterns
were randomly selected for the training set and the remainder 25% for the gener-
alization set. All the data have been standardized and the experiments have been
conducted using Matlab R2009a running on a Ubuntu Server (x86_64 architecture)
on an Intel Xeon at 2.00GHz with 8 Gb RAM.

5 http://www.it.lut.fi/project/nngenetic/
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Table 4.3: Datasets used for the experiments comparing the three proposals and related meth-
ods.

Dataset  Size #Input #Classes Distribution p

Two classes

breastc-W 699 9 2 (458,241) 0.3448
Card 690 51 2 (307,383) 0.4449
Hepatitis 155 19 2 (32,123) 0.2069

Multi-class

balance 625 4 3 (288,49,288) 0.0784
gene 3175 120 3 (762,765,1648)  0.2400
iris 150 4 3 (50,50,50) 0.3333
lymph 148 38 4 (2,81,61,4) 0.0135
anneal 898 59 5 (8,99,684,67,40)  0.0089
glass 214 9 6 (70,76,17,13,9,29) 0.0421
Z00 101 16 7 (41,20,5,13,4,8,10) 0.0396

4.7.3.1  Machine learning methods used for comparison purposes

The experimental section compares two basically different methodologies with dif-
ferent extensions for training MLP neural networks. The first group of classifiers are
variations of the Evolutionary ELM (results are also compared to the original ELM
and OPELM [228]):

» EELM. This method is set up with two fitness functions: CCR (EELM(C)) and
MS (EELM(S)).

» EELMCS. This algorithm is set up with the three fitness functions proposed in
Section 4.6.1: Fycs (EELMCS(CS)), FAr (EELMCS(R)) and Fr (EELMCS(E)).

The second type of neural network training algorithm is the memetic Pareto dif-
ferential evolution neural network (MPDENN) presented in [238—240]. MPDENN is
a MOEA based on the Pareto differential evolution algorithm (PDE) presented by
Abbass et al. [214], Abbass [241]. MPDENN trains ANNSs considering C and MS as
conflicting objectives which should be simultaneously optimized. In addition, MP-
DENN applies a local search procedure to some individuals in the population. The
local search algorithm used is the improved Resilient Backpropagation (iRprop™) al-
gorithm [217]. However, whereas local search can improve classification performance
it is computationally costly. For this reason, MPDENN can be used without local
search; when doing so, we will refer to it to as PDENN.

In addition, the experiments include two